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j.. \A}W‘AC, ngwgaeb J;m’(,owijy

The basic (ow\h.r\g blocks .

W& rest o@ te sbides are wri&tm h E/\g\/iS(m, loe_counee. s WO, Youl Qﬂclﬂw will wribe Q@gg Cﬁewex?(> gramnas caskalees
We will SPGGL_ Teendr n class . Ig Ay o’{- s coumven (mgofmm (aﬂéwgb issues don't 9\&?{‘0&6 b 4l me .
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let 2 be a ‘ﬂ.:a:%e seb , vluwdh we el the olyliales.
A wod is a fiwk sequenc of Symbols feom 2. The o of werds s dewoled z".
~2 = fo,1} . Wors o Wwy sequences, e.g., 1001, 01004, 00O .
V -Z=21fa,b,ob}. The expresion obab deer nt define o wod m Hos alphabebs.
We would need h wite (a,b,ab) or (ab,ab) o (ab,a,b).
= We u.sw»“g ovotd filing sudn geks on olghelds, and  assume wique porsobilty wilhout commas.
We wsally  wrte for tne cmly word, i, the unique sequence of lengtn. © . DA Y S
Givn words u,0€ 2, we e Borm  buic concatenabion , e, Wo asthen omit bhe - .
We weite [ul for the Lomgbh o w, defined induckiodly: [sl=0 , [wals= [uled ol neZ", 0el.
Fock . The strudue (2%, - . ¢) i o monoid, whide is free owr .
This means - for ol 0,0,0e 20, (o) w=u (rw), wezu=eow, (monoid)

omd o.wa, Bunchion 2 - M, withn M o MOWORd | cws ®  Unique ‘r\mmondu.c. exkeasion I*—"N (fl‘cc).



Lot we S
P( ‘acc[—\‘x 0{- W s o word ueg Z* Sweln ok
e exiss oe 2* sudh ok s = uvU .

A Swwx 4’ W 8 o wem U € Z* swin ol
Ur\u'b o shs uei* s wd tbodv w=uo.

I&( 'FM\‘D\I’ 0" w 5 & wofd {_GZP Swuda 'er-vt'
Lhute exsst woe 2% such Hob w= u@v.

A subword d‘-w b o work 8= (s,,..,¢) €27 (nz0) sucdntmb

*
Therr exist Ug uy, .., Un € 27 sudnthab W=UgSUy ...

S Un -



A /(Nnamac over  the olpholek 2 s subsed of s

Formel famgpunge Hhecy is bne sbudy o the wk ?(i*3 of longuans .

Fadk . There ore mcw.\k;o.\oka miny Langoases (i T # 6, vhid we will dloug sssume ).
( Exercise. ) = By Huis T meen: "TE you dertt know hew ko yrove &, plese by, o losk thug

- { 1
online , e~ in o bock, or ask o friend, or ask me, oc...

T do N0T mean: “This & cary anl yow sheuld Feel bad if yu fad & iffiealt.”
(We jusb dant fwe Etne W discwss everfining.)

M LOBSCRER & PEPSCA

G. Cmber (1945-1918)

D We need  mebheds 0‘ deserni Lir\a Sowe. s,l these Qow\am Sy o Qe st .
A\A(‘OW\&{'OL omd fea»la{‘ eXpressions O such  mebtheods.
Tb\ela are, Pundomentod o

'hot‘o cfco‘\ y GM\ mefe, .
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An  oumtomabon ever 2 is a directed multigraph with J-fabiled edgts and two distinguished subsels.
Explicitly, om ambomaton is o quintwple A= (@, Z, 0, T,F), whee

Q s o seb, whose elemenks are called cholbes ;

* 2 s anm olphabes ;

b c BAx3 xQ@ , ivs elemeanrs ore calleh Lraunsikions or cdges ;
L& 8 a sk & inivial skakes;

Fe a abt o finad shobes .
We  ofben demobe am edge (cL,a., r) os ﬂ.’&’ . b sowre s g, ibs tarag.{;' s 1

its lakel s a -

We uswz\\la oS Sumne g O- s Lonite.
AC"O\A.BM" NFA



An ombomaren A= (& Z, §,T,F) accepts a word we & if o path
from am bl stabe b o M state Ytk ¢ laleeled ooy v Otherwise | & rejects o .
Explicitly, A occepts W provided thak 0 Rquence weQ with Il

such  thok -

—WQGI}

— F 'K T \§ & SMCCUS&A&\ WA on W
Wit € 7y
Wi

= '(:br ea cla Oé(:<lw’\. . &>

i+t in S U
The I/Mauaﬂ& rcooﬁm‘zal bé{_ A K5 oé(A) = {Wé Z* | A’ N:C&P"S \:S'} .

A (;wxa,uo.a,a Lc Zf is rcwamiz_qbec T ther, exists an MFA flab recognize) (€, and we r)uf
RCCCZf) .= ‘{LQ Z* l L (ewﬁni'm%ez :

B; -H/\&s, I MNGOM * ! I. H'\fn\& Qom‘ooéaa w's.\\ Q/w.)e, o PCDDOM\OQG— 6“%5- PQ&@» OMS Wer Mme to asod Qon% aw\cwor& 5'\1251\0» l. )



An oudomakon A= (Q, 2,8 T, F)is deterministic f, for eadn 062, the ccbkion
S = S0 (B x fa] x Q) s funchional and Lobel; amd FI=4 .

Thab s, for enemy qe Q. oe 2, ther exists o re @ sudi thok g5
We  somekimes worbe g-o for TWs unique stake.

The Eromsiton relation of aDh can also ke viewed on a funckon « = Qx 2 =@,
o< an o Punckew F:Z—%&&.

Fock . For omy. seb A, the &iple (&&, °, idg) is a monsid.

Thu, 53 the free pcopeA-B a{_ 5%, thee etk o umioue,  homomorghuic extension
5'5'. Z*——»Q& ox. °-

Exp\td{-b\), f Cosm be defined 53 mouctlon : !5‘/6).'-‘-' adg , and, ]&rw‘g wezf)aez,
Plwe) = Aq. f(a)(f(w)(q_’) .

We aleo  urite rg(w) = QW wier a, s e twiticl stale



Z= {q)[’} Z = {a,z 2 {“a";c;d} 2= ,\“\‘O}
&:b o o Qa& QC.,S
—> e 7°—> e~ S, e, |
e > &5\)'0& T

- Are theme obher cuntowoko rec,ogmtz.:na Yo tome Qou\tamgc? How w\m~27

- ,Q A O\(,\"(,rmiv\?.s\-?c? lﬁ MOk, Con we oolee l\' so,wi\’hou.\' c\r\a.u\alrg OC(A)?



C’OV\-SquC}GH\a_ oSN HMVM bFA our Jkr Cun,
NFA Ws%a e power sek,



f—‘/\urw\. A\Mj rewaniu\.\vtb Q.M\O\mouaq, Com be Ft—ccﬂnfuzA lg
a  deleramuinisic  @Gomolon .
?293(-. ety A= (a,Z,S,’I,F) be an omkromadon Fecoguizing L.
Defre the ambomabon  PA) = (P&, 2,4,111,6), where:
» TO, is e s swoseks of G (Hhe power ek of &)
D= (8,0, e S0xEx3a(T=1 el I5eS, fanest
- G=1%7%| SaF£4} .

Noke : R (A) i3 dereowinistc .



(r. Theorem. 92
R T bt L(AY= LLP(AY)

We wil gwous "’3 Yok, Lo oy we >, R(w\'-:)
A (w): {qu | Here exists @ wepeth o A sudn Het el ond 1t,w,=3?
both sets ore equel & T
fruel , aeZ. Byt , 8(=R ().
Lt e, qe Blw) & thn exichs se A(w) suchtvet (5.0,0) 68 loef.o D)
= Brare oxists o wgabh T ok TEL ond Wiy =5 e (3,0,9)6 & (44 R)
® g R(w) (4o .J{ w-pekh). 0 Nowr we L(P(AY) @ 73(«:\6 &

& Rw)nF#d o we | (R).
a



’We ‘L"r\eorem %\m o a\e.‘CQfMinlzaJ—iov\, (‘omshuc.{tov\..

Q -
Note Huob Pla) = # , so it b cost , ot worsh.
i b ab = A
Q_L) ._?t) . ._t'iﬁ . :'_) . —‘—-)o._) rmaﬂ‘:‘w 5Q7b‘ ) {Q} ’ {Q,bs -

We %,Q)c 2 states (&- we oalerniinioe .
More opumerally, Lo = {003 fad - £a,b]" com boe recopniu
b oam NFA with we2 skalen .

Ana_ o\dmw?mt\\-\'c ool ometon '(ccanEZc‘t\J Lv\ Mﬁ\m‘w\ ox Qtu‘\' 2.',‘ sleden .



(/(Q|Z,G|I‘F\
The membership problom Takesr on Mput on awborolon A and & werd we 5*.

and onley 0 dalervnine whabher or net we oL(A) .
%OM o We well keep trancle a(. a vortoble W which containg the reachable siates

adder  resding \s .
1) W «— L
1) while w# ¢
3) new 4&— @
&%) for oll q‘_e\/\’:
5) new é— new L {re@ | (i,e\eao‘(u))r)e Sl
() W — neuwr

1) v — Lo\ |w)
§)  rebwin ( WaF #¢)
Whon A is knownm to be ddherministic, we e nelieve O([wl)



'—n\n. Q,W\Qb:ﬂ(’.% PN\AJ.W\ onlks , ?,Z\)w\, OUN am‘rowm\'m A, cﬂ‘w.\“rvu of M*c oC(,A\=¢ )
(“l\b MVUSa,\A‘-hé m\o\u\n v "’ ) ! ’ "’ ” " o((A)‘CZt

FOY‘ o DFA' A, #hsk oown(;wbe Re&c\'\. = {16 Q \ﬂwrb e.xB’(. -n‘e-t ond & f&’d«‘i —%a?

- LAY =¢ <= F A Readv = ¢

S

L(AY=5* <= Reachh Cc .

Fof‘ om NFA, ewp\‘fneAS o be dene n He sane Woy -
\A.vﬁuc.rsuu{'a s PSPACE - complite.



?)- C\nsm tf_orexﬁeb

BU\;M/;V\,a v’e,coa,wiuk(l. WW vio. oml omala  ecemstruchions



Theorw . Lok Le Ree(Z7) . The comploment N1 5y ceconrinebe | oo
Proaf . Pide (@2,8,1F) o« DFA e coqrivien L. (TWis eeists Hhomks fo deleminization! )
The PFA (Q,2,8, T, Q~F) <commizes UL,
Thdeed, for we ' weZ -L = rg(w)qéF. n
Theorom . Lek Lyl € Ree (Z7). The intersection Linly 1 rewgniealle  boy.
P_r:o_\.. P Aj = (dz,S,S;,I,;,ﬂ\ e NFA recoqnteing Li . for P12
D«[.:Ae, e oautomaton A,,x/*?,‘.: (Q,‘x(l,_, 5, 6, Iﬁl,ﬁﬂi)
where S := {((qhqz)\ a, (r,02)) ¢ (Bx @) x Zx (8, 8,) |
g o, W A wd o 2ar, w A
Then (clin!)  LIA xA,) = LA & L(A).
PE of cloim (dea). An on e chows bhet o uwpath in AuxA,

s preciseln  guven \ma O pax e‘- W-?A\AS \a A-| amd A, . <



2 =fa,b, |

b"l
Q

Fo o Linik clpholeek , Lk NA{E): Lise T¥ [{acZ (3p, w2al 2 2}
The awbomelon (Z %, 6, Z 2) with

S=2 1(o,b,e)eTxx2| adtlb, ozc |
reognizes NA(S).

L !
ab N :/’sz‘? . N La/.bx .



_-ﬁQ.i_-, b) °~L,. —> Zq:(b staten .
b a o. b
C2 o \Q b o Q b L D
— > ¢ — —3 . C —> e
b
b o Q.,‘a
®; o Q b o Q |
4‘.& ~ X )- - ¢ @y\\/é l‘{' 3\1\\1/)
b

Fo Le Rec(Z®), o DFA A sua that K(A)=L & colled  minional
if, for wwery DFA B sudn thab A(B)= L, #8, > #Q,.
We  w:ll prove laber thok %wa V‘e.c,oa.rvimb\z [ (),\a,s a ww‘we minival DFA .

Lecture 13 in: D. Kozen, Automata and Computability, Springer-Verlag (1997)



Ccrouawj. Lt L, L, € ch(Z*). Ther Lquly & Rec (7).
\irg:i. Lovl, = 'Z*—-((E*-L.,)I\(Z*—L,,\\. Q

Plofl—i. [ﬂf\— A‘\. \96 oM M“OMOV\ ff,c,aavqu,’/\a_ L:. (1"34'2').
Deline A=A A, = (8, ¥Q,, T, 5 LT oL, FRe®),

~JAurt S = { (q,a,f) l@\e (Qq,\(‘e@,, , O, (O\,atr)es“)cr (qe&,,ch_,cwl
Cq,a;‘368¢]~

S“’N‘—( &1 GN\A Qz ax€xt C'JhSCnyme,al-CA) i( T 1% o WHV\J,?\&HA in A s\'o.{\-vé

i d:k, Claw 06 mwsb emd  in Fﬂ :
Tows, L(A)= L(A,) 0 L(A,). :




Le.b k\L c 2* : Tko Cor\cajrem.a-fion o(_ K amd L \$
K-L := {u-tr ‘ u.eK,o'eL‘.
Le,h W€ Z“’. The &!6 0,0\»0:‘1'%1: oF [ with (especk bo o is
wil o= Lwe T ‘ wueL‘ ,
omd.  the n‘a\n\f ’,W\’Hﬂ\e o{ L web, w s
L™ e '(u,e >* l uureL} .
The &Hf and ﬁjk’t residuals o& L woet. K ace
K\L= () wL AT (\ L w™

wek

={ue7_* (.ForoJl wel wue Ll (“6 Z*\ for Wl weK, uuo’eL_}

For MGN’ we &..F:na_ Wcﬁvz(? 'Hm_ ‘oowq ba L° = {_z? Y L‘M‘l'- Ln L

e dufim the Kleene st by 7= U L™ 0 Abe L= U LT (2L 8“1;



Theorew . Lot Le Rec(Z¥). For Qny \S€ 27, w'le Foel=) and Luwte Rec(S*).

Pl Piae A=(0,2, 6, T,F) an akomcton b L. Defpe A'=(8,Z,8,T',F), uure
T’ := '{ 1¢:Q | there exst 7,6']: and o w-paths %om.cio‘(oqi
Thew, for omy uc s,
A accegs w = e exak el rof ol o urpath fron g toc
@ thur exit g.eT, (o, o wopth frou g, b0 g, aud
o u-podh frowm g to r
& thee et g,6T, reF, ard o (Wu)-poth fom gt ¢
& A ooccepts wn .
5 LW = wri(A)= wL.
The statement about [w™ e erwe.l stwﬁ\a.:\j , 1




Corollary  Leb Le Rec(5*). The get

fuw™ L

: W€ Z*? 'S

Prool.  Lat A be an ambomabon sudn Hat L(A)=L.
We chowed in the Prw?m ?coo(. H/\D«h, ‘.c,( ouv\a wE E*, sl s rccoaw‘.'ze)&
\9‘6' o voriomt d{;. A  obtaincd haa clnow\a,taa Pre inita) stokes . Thus,
f\w"L A VO Z*? < {o(,(A,) ‘ Pt’ o iniftal -stete - vartant c(_ A} .

The second seb dron off mesk

\,o.(', LC R«CC(Z*)- R

#*

Kc 2™

/

elements . 0

K\l o~d L/K Ove. (‘wgn?v»\kc.



Tke.omu_v\, o oy K, Le Ree (Z*\) K-L s ruoamau\»h,.

Fo(‘ ‘k\M. ‘N‘Qo‘,' we uul\\ NS O vcm'-anf e1, a,u&-oma.\'a.

%\\.&v» :

P cudomaton with e _bmmstions is o bule A=(Q,3,8,1,F), vl
@2, T\ F ore oo m Mo dofiwhon of cwtomedon, awa § g Qx(Suiel)x@ .
A accepts & worh e ‘!. Phore exist A, ki, .., %, € N
swh bk the NFA A" (@, Zvfe], §, T,F) accets the wod

‘*|u\-‘ k‘ul
W, . v .

| PO
i’w1£ - & lwrl

L we 35, A wopth m A i s Raik wod of edgs Te 5
such Hat : (1) for evory 0¢< i < It\ -1, the foret o&‘ﬁ‘ = the sousce ‘{—'%-.

(1) the concakenation o{_ e Lhels of T s cqud b w
omd  Acleptmmce s defined ar for NFA s .



F_._“i‘-- Aw& oubomatm oW ¢ —tramsdions  caw.  be -vazfemd\ W an  automalone

w;x’\nw\\: i.—‘\'.rMs'sHWS ‘HN«" hwa,mim ‘K\t. Some ‘e.ma \ 3

Prod . n

P_tﬁ_._4 Theorem | Lot & ond B ke automeds .
Construct Hre oumbomaton. with €-transhons C = (Q., 2, S ,Iﬂ F )) wheee
Q.= QU YAy , omd
§c 7 9 U & v {(1,i,r) l ale\: - IB'{
L(C) = [CA)- L(B)
[t wreS . we LA)-L(B) 2’-15 there exnt ue L), velL(B) swh et w=uv
& thete oxist pokhs T, : q

: 1« WA, W, L L ry ia B ﬂoeIA'q'eFA'

° r.eIB, C‘ €‘Fb

_ _ ad.
= thee exists w-pdh T in C shking h Ly, ending mFg & e {c). a



—

Mheorww.  For ouy Le Ree(37), L*e Ru(s%).

>, o Add - tramsihion from omey 19\,“1, Yo

V\-gk'APCOO%.(' M W‘b‘&\l s\’o.,\'e,, V Aoej v\o“’ wol\( Y
o O
| J
A"-‘ o (om s\-z.k., no e,a%u) -

P ombomedem 1 mormelined L FL=FF=4, ba 1kt shole is not o tomer 4 o ,
(: InF=¢, ewd Hne Gone, " 7 7 sm%m%

Por Omy  ouomakon A, Here oxtsts & noomalized outomadmn A’ sucl Hack
LOA) = L(A) - fetl .
Pmok(&_mm. Lt A be vormolingd recoyniting L -8t} Oebine B "&“"‘“‘*’8 b A
o  €-Eromsitien Lrom the fined sde o the iRl sbde , ond
modeing the inthel gt e fral. Thaw L(e)=* =




Givun A= (Q, 5.6, T.F), dedme A'= (@, 2, 8, 43.1,481)
whare Q= Qw{a,,L,1
§':= § u '{['fo,a,cl7 [ there exish ieT such ek 159 mAf

v (qaf) [ feF "7 e ]
v £ {'io,a,ﬂ,,)"‘/"/\.w-c exst 'fer, LeF guds et ?\LQ_MA?.

ound

Thon, for we 2, we Rae we L(A) <= we L(A):
I we LCAY, b ® be o sucenfd run on v, From 1T to §eF.
S we, Iwl= (wlerra, W kelzt | bhon, sive w i succenshul, 1-"%@ M 8)
so Mk (g0, 2) s e O
Suppore [wl 22, Wrike w=oau'b, for a,beZ ovd 'e 5"
b = lee dehned (0\6 re_p\aotna the an\r— hode inTT with 1,
amd  the Lok node M T with £ . Wisa g,r-(zc-“f\it\A,.



Conveady, i we LAY, U © be o successful pumin A

M W= 1 bthn there exist €T, feF smeh fhat 10f.

OHenwine | wrike = oub oy \,4«:.. CSinee T J‘ucc.w:ﬁl, L LS,.‘A; coith
1o &‘Qr 1?0( don~a fl_e-Q. So We c«MFCcL 1€ B suth thak '\\—A—\a(
Soilidly, T endo with 123 L £ semas e, 0 we com piok LeQ
Swde thak ¢ 2 f. Replacing 4, wihh i owd R waith f yields a

s\Ac.ceAsFul can m A



i _R;Ej wlal expressions

g 5



Dc{l iwhon . A rzjula/ expm.r(m over o\|phabet 2 is am ex pression. af ovie 6{ He forms:

- ?{ (r.e))

s App(icaﬁow. (% re Pﬁl

/

‘fbrm'ﬁae2:~!a -

/

SNML de GGAZHOV', writben 1A

Bkolcus ~Nawr Form -

¢ = 95\6\0\ \e_-e;\b-t—&\ e

or, foc oy (e?‘u\ax exPIeAtions Ty, My
L e P
i P o)
- (n)
The L\Mauade,, I(e), op o fe- €& s o\e.{.wo\ m\uoﬁw,(.(a . *
£(¢)f= ¢, dle):= {il, L(a) = {“'I, f(r,v;_) o= oC[r,) (), cl['rl-f&) = [6‘1)04(",,\, -((q’)“//n).

A -eamam?g L & regelos iF Hae exnk a redu.l_ar Cxprasion e Such et L=L(e).
(f)w. pret, CA‘[ HNIS umf.‘l'oma(,". Te(minologj 3 o(»H:ucw/(:)

/



_D'\bofaﬂ/ (keeem/) A faxguage LC_: Z* (s re‘jwlax 'F' a.M' onb c}[, i/’ T r‘cccgniu..é-ee,.

&:‘ s Ba indu clion , for every NﬂWl” expreosion e, We construct  an awtomaton A, such Hhat [é)zZ(AJ.

For the bose coses. we fave amtomata A, :

ﬁ.-—b d.—agq

In arch cose, L(Re) = Lile]).
For the Wnduckive coms, we qff"b‘ the closure Qropdh'u that ve Proved beare .
 Given Ap“ omd RAp | comsbruck B sudi et 0[(6)’:[('6‘1‘47'0[('0‘{27-
Defwe A, = B, Thn LA )= L(Ar)- LIA.) = L(r)- L(r,) = LLe)
he  coses ondl are  Simalad using. Pok rcuaniudgh ()Anéwajeb
A closed  wnder wwon ond  star




., §,T.F)
@J. (conbiaued). """ Lt A be om amtomaton. We construct v o Cegex such et Ll)=L(A).

e mie HQ, ond choote on (abibian) bijection 44, m] 5 Q. We wik g, = @h), 15ism
For eoth 0¢ hen, Prq Q, define
Rg‘; 2 Lwe T | Hore exists o s-poth T fom p toq
swdr  Hak ol shates in T, excepb possibly the fiot and lust,
‘a-e,\oma bt sek {q,,.-., grk} f

Lg,t (),ole Q \lJe censtruck rcgexes V‘CM Swch lC\Mb o(((g‘;:) = u) .cor eoclr D<‘(€<v\.

X
[ndu ction  on & : Twe on ossile poklas howe lovatih 4 . -
e 3 -
L:,{: ( = Sum s(. ac2 Ssuch -Hml' (p a, a,) e—S '7"\"['“\
ted () o » AT ¢k
NOR M R"ﬁ - R'?,o‘ + u{? P'ﬂkﬂ ( (‘kﬂ :‘\k-\-\ Rq ﬂ P. 1
‘ (l:t\) (&) . (k) *
S& &Q{;‘:\Q Plﬁ = TP‘ﬁ o+ rp,q‘“" ( 1&4.‘.%“\) q\‘ﬂ o . ~
Fily, g7 [G] F00  ad ris s o s et peT adqeF
Mo €4 i p=9 0



(+ Thompson , sometimes)
—ﬂl\z, Os\aor(‘\'(w:\ \M—Cd Xof KC"-'" W ‘\‘(M.. ?PDO&, [N c&.\\@\ Mo“ows‘/\’cw\«- \‘lwmodes.
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Regular Expressions and State Graphs

for Automata*
R. MCNAUGHTON?t axp H. YAMADA}

Summary—Algorithms are presented for 1) converting a state (¢
graph describing the behavior of an automaton to a regular expres-
sion describing the behavior of the same automaton (section 2), and
2) for converting a regular expression into a state graph (sections 3
and 4). These algorithms are justified by theorems, and examples are
given. The first section contains a brief introduction to state graphs 1
and the regular-expression language.
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Example 2.6 in: J. Sakarovitch, Elements of Automata Theory, Cambridge University Press (2009), translated from French by R. Thomas
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