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leb M=(M +, 1) bk a momod. A Congrupnce. —om M k an e.1u)wu\.w\cz relodion = en M
Sudn thok |, Lor oany om,m' e M z(_ mzw' | then m-xzm'x ond xmzoe.m'.
fak The quobions ok M by = g o moaid M/ = (Mfe) e, 1), where, for oy mneMs
(w] e ()= Tmemd and 4 e 1]

Leb ﬁ:(&,z,o){,F) be o OFA. Do_{.mg He rdotion 5, on 2* ba
de-,

.Fo(‘ U\.,U’e’i*, M"EAO <':= go( a.“ qea, 1.\; = ﬁ-U’ .
(ﬂr\bv\ :"‘:A 'S a C—'V\%vuwwt_ ev Z*Z W s om e.atulwu\mu. chodton ( )) ond |,
Fo( o.N-k II\\U\‘,‘)CG, Z‘\‘/ fP \A?."A.M' ) ‘HV\M )X EA\A\I ) LQMS'— 5 ,Po( Ds\\ qe &/

q- (we) = (ﬁ ‘w)- e = (a" w)-x = 9 i) , Waing the actim oxioms.
B\A Jc\M_ \‘.Sow\orv\MS\M ‘Hl\wf&m. .Po( monoltd s s 2* EA a— Qa 4S Om §ny.e\-iv<. monoid mpk,um.
[W-SA' [— (%H a-\-. w).

_ L RN - S , * -
\me\&cA., ::A i« the kendd o‘ 2 — (A eblwned (oa curnyiag Ax2 Q.



Propesition. Lk A be « OFA Thn L(A) = o' (P),whee Pi= § 4607 | £l F 1.
Pea]. Forwﬂz P W) = drew . This, @ w)e® Liomd ey £.4-weF. 0
This sugaerts o Ainiteon b recognition jn fews o avonoids , nskead of OFA's -
De. Lk M be o monotd, omd ¢ 25— M o (monotd) worghnism .
We soy that o recsgnives LeS d dhre exts P M sudh ok L= ¢7(P).

Thesrem (o6 B ke a DFA. The worpWism T re,way\ s L(A).
Frook . Noke b Q.0 T = . , 0w b A""B”’“"“ o e rignt .

By the Proposi bion, L(A)= @' (P)= g ("“‘(m). 0

Cordlary Lk A be o DFA. Tor omy we T | it wedlR), b []; e £L(AD.
Peodf. . P Pc 275;\ ewchh tat L(A)= -rc;; (P). Thew p:= TC-:-A-(\J)G P.
T'rw\.s) [wj= = T(;\ (f‘bn C TC: (P) = a[(A) - 1§
A A “A



Lk A be o DFA. We ol He imoge 4 S murphinm ¢ 2 27— @ Ha

Eromsition monoid of A, amd dumete ik by T(A).

Conceeldy , T(A) s bhe seb of fumctions o L0 whidh “agk Gle o wod , iee.,

for ohidn fhure exisbs we T swch Mk flg)egew ferall ge @

Since ¢, ¥ — T(A) s o suceckive morpWism and Sy is th kemad ) we o
TA) = 3°/.

‘9«6 He isomocphism Hhreorem for mo“{;:,,

n packicar , T(A) also recoguize  L(A).

We com Hunle e1. T(A) o ()W\o»\og)o% fo He antomadon  Roadn (A &oro"‘?ﬁe@/

q' 13 wa\'\w\a(b i‘(. : and OV\\A& i{, —l—cm existy ge-T(A) fuch  Hrak g(»\=q_



‘l\)Q. km Seen ’HM& Wwa DF’A 3_1\'!4 rise to o ‘c'm."(' monotd (u—oav\iﬁwg the some (,wvauuég.
COWVW‘“‘AQ, a(,d? M= (M, ‘M) ’lﬁ) be o (_Ct\'\k monotd, VA 2*‘—5” o wxor(:\M'.Sm, and PSH .
We define the DFA A‘(’,P = (M,Z,.,ah, P), w\wrc.,{org‘eH and oer 2

1-m:= ﬂ.'M c((n,\
For oy weif, qfe.M, q -\ = c;‘-ﬁcg(w\.

M. °C(Ace,?) = (.f"(ﬂ

Ped . Let we 7. Than we oC(AW,) = 1l - we P
= Ay w gl e P
= we c(“(?).
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Proposition . Lab  §3 27 — A% be o worphisee . 1 Le Rac(A) | bhon {(L)6 Rec(E™)
Pﬁ'ﬂ" Prck o finite monotd, M, a merphism ¢ A — M and P M sudh Heak
= c(:"(P). We dedine n:= pof , whida is olso o monsid morphirsm.
Now {7(L) = g,"(cr"(P)) = '\f"(\?), S0y s*¥ M recapires (L), o
Popesition Lk M be o monsid. 1§ N is a quobient or o submenstd of M, ond
(stobili ") N recogmizer @ W L, Hhn M olio cecogrmines L.
Prood . Swppose N is o quobiat of ™M, sey by y:M—>N.
leb @+ Z7 = N omd PSN be sudn Wb L=¢"(P). For eachaeZ,
pike ') e M swon tak g (¢ (a)) = cpla). By tnuckion [free propuy , pocp=¢p -
T‘/\uz&‘m_,l.'*t("(P) = E(T'-‘('\If‘(_m), de w2 M recogmizes | .
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La.\f L & 2‘. The San{:qch‘c c.avxaruwc.z e{_ L s the ebdhion N oen 2‘ o\:{.\\m\ ha'.
foc w,ve st , W ~ T <i-'f—-'3 ‘.q.ar all 'x.cae S‘-, xu%el" i(.,ow\e\on\j ?g, -;co-aeL .

L

5 where AL is e Necode avtometon

Wurw\ T‘r\e. sunboctic congrumce NL. coincdes Wi =
g "t A L

g For sy u,vez(-) we  |hawe
uz, v <= for ol KeQ , Kouwz=Keo
] <= for oll 2eZT , (@D w =)o
& forol xye P %e(gcu.)-\L 138 \AE-Q‘I\TY‘L
(= weo v . a
b particular , ~ G5 o compruove, and we cam diie o monaid M := ?/NL which
we ol dhe syntockic menotd 4 bt (wauazg. L.
Theorean . The syatueric moneid M is tsomorpiic to e bromsition monoid of tre Nerods anbaaton 4 L.
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Let L= (ab)* . We compute Hne syntackic wonoid Y\ = Z*/,\,L.
We stort with [e] omd (0], wlodh ore distinek becomse €b gL buk obel .
Sietloly , we howe (b1, diskine frone [£] omnd (o).
Now [ab) # (] becamse o (ab) b ¢L ik a-t-bel .
Ao, Tab] # [o) omd [ab] # [b].
Simi\a/\na, Lba]) ¢ 4[7.‘1.[03,(5’”( Al [bal#(ab] |, shve ba-ab¢l bur abobel .
Finelly, [aa] = Cbb] sine foc ol -n,gez* , ooy 4L, and xbyel.
We Haws obtoun b classes + [, [o3, (L3, [ab), [bad, (oa] . The wnton s 3
Mulbiphcation talle - 1 | o« |b |ab | ba | O This @ also TIAL), whore
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Tlv. San'\'kd't'c monodtd IS also 'Wu'm:"\“*( ) 'n O PI‘CC\'-S'c. oslalab/w;& sense .
Lot M N be monoids. We say M odivides N i thove exist a submenoid N'of N oud
M N o sw:)c.oﬁue. moce\r\ls\m N'— M .

< i bt smalleab bromsibive rdobion on monotds ok containg subwonoid" od quotient "

Theorm. Leb L€ Ree(S%). A finike morstd N recogrims L i and oy i, M diviasa N.
Prodf '="If M ividss N |, b, since M| recognizer |, s does N oy shalility .

‘" Suggese @t TN owk PEN are swdn bak L= ¢ (P). We clinc: ker @ €~ .

To s buis, Lt woe " with cpwzelo). Lok xye T Then  plruy)= @lx) ol gly
So in pabicalar , plxuyle P ot ¢plevy)e P. Thas, uem v " 00 @) )= gxoy).
By tre o, trare 15 n morghism S/ TS, setig 0, b [l
The image o - X*/mq —N s o swmensid N ol N isomerphuc o Z*/,mce , suy p: N' S5,
Now fo-y - N"—> M, s b requine worphtsw. O
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A ctor-feee expression  over  alphabeb 2 s an expression @ buwlt from Hhe syt
eis a |erele-e|le&leld whe aes
The onguase defied by o shr-free exprosrion @ is L), defied induckively oo
. L(a) = hal L g) = {el CL(8) = TN~Le)
e Lot ) = Lle)odl) - Lle-e)= L)Ll - () =~ ¢
fr Qomguny L i chacfree L= Lle) for some  shacfree expression .
Fock Ay stafre (omamao is reghar . Prof Closwe gropaties o Ree(ZM) . @
© Any fon Kmama,. is  shorfre
o Amy ofiale fangnage oo stackree .
© The inftrceckion o two starfree lamuases is shacfree |, and S s shadree, .
.« The \mamy (ab) s .. stadree. |
v How obout Yo Mgmge, (aar?



let M be o memsid. A sleset G 4 M s 4 growp contained m M f:
G s closed wnder mulbiplicadion - ,for al m,m, eG, m-m ch
G has o unit Ly for Al MBS, L m=m=m-1,
+ Hor every ze G, there sk 4eG sudh Lok "'3"16\:9"'
NB: We do not reqwire bob L, =14, ond & &5 mb the care m 3mem1-

The. Lransikion monoid o‘\./A p\a.a theee elements: 1 , &, amd ar . The subcet ‘{a’a‘t\
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1@ M v & wmoneid omd eeM s iamrok.\k,:.o.., et=e tran ﬁe,'ﬂ IS o qroup Conlaired n M.
We cal Hws o triviol qrovp canfoined M.
Equi\m\w\-\;a, G contained ™ M s beuiad it #G=1.

A monoid M s apeiodic - ey goup antained m M i tivial
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Lek H be. O #Id\lk wonotd. For Qd{fa X = M) 'H\u-: axist £7£ '7/0 Sqdn 'Hld' x&-’— ‘X'e .

Cby Hhe )
D&{_QN, *&x = {’;N SwoJ‘L%’C ‘g, such that there exufs 05((& w\.#\ xk=xe, ound
e‘x— = bhe saallab {20 such “L\aﬁ xe= Ztg"‘ y omd F,( -= '&z "'(-x. :

é_-4

i o _ 1 :
Cinw  x°, ", _.. , x ore odl distinct, we cam viswalize Hhis as:

S‘X't ’ 'p < ) < &n]] W o- am\-\f artaiad ™ M,'lsowmpk'c b Z/P*Z

T‘r\is \L‘G W\ dnuackxiv. o.ver&oé.ic ,%m\-e. mono‘\as Mm o COV\CM('L wa;a .
ond, S"WW.( '&OW M aye aOP,VOS:?(— ' 1£D ,)f"N"( gfou.PS B



Pl;opos?Hov\ et M be a ﬁw‘k monolX . [he @o\\nw:na are  equivolant
(4 M s operatic 5 () foroll meM, pe=4 5 (3) trore exists £ €N such tob <= forall xe 1.
Proof . (1) = (1) By K , Ger= {xte, 2T 5 agmep cnkind W M
K M s ageredic, then Hus greup mwt be bivied . T, p =#G =1 .
(2) =(G) Nok &k =™ = x{"ﬂ% = 'aoe"M . Define l:=max{l.: xeMT.

Q44 {.*rA x‘("(w _ 'x.e” xe-c.& 4

T‘l\m,gorwwzlte"‘) x = % = x .

C'B') = (1) Lb‘f (o be o zmwp confmaned ia ™. Le‘t 36 G (e o-«rl;{l‘mfa Ba (2) 3 30""8&’1,
. §9¢ bed p 0 _
pcdan e\.eG;SuclAﬂmbaev:ﬂ-&,—nm 1&:'— ‘6‘9-8 6\—%
We condude 'Hméc- G\= q_iaf’[ y %o AR trned . yu §
Lk M be o finte moneid. The Lillncnng are equivalont -
) Mis o aeoup s () for Ml e M, Lo =0 ; (3) there exists €6IN sudh A x 1 Jor allme i1,



A it monotd s apeiedic L all of ik Ergiag pons are only haundles :
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& -Fc‘ni\« monotd 1S o o‘arou.f) IQ@. all 6‘ 5 .F‘ta_.’:\g ‘DOW\‘A e\ouot no  hand \ey -

:ﬁorw((‘x,: x.mfc
1 N\
')c=’l-/ \
¢ \
{ (
/
\\ y
~

N-’/

(The tedanicad temm £or “@3"‘3 ?m" {s  cycle swbmonold  or singlc-%wudﬂd JubMMoia\)



An odditionsl perspeckive on s{'u.r-(ra. (angmaea,m‘a _fusl-—omta Qoas'o .
Lot ¢ be o Semtemce in the (vfde\kw-Q) Siamvhoﬂ.

L = (¢, 60T ,0), with or(D):i=d frd\ ae Z,
and oc(2):1=2

P Linte wod we T gwer om L-strudwre M, = (W, , & (2™ ), whare
M, = {o,.., lol-1} Mo , 1&‘, oh e, oW ::{osi<\u‘\ : o hon Uil o as?o::’ami%.
Lot Z={ape,a), wi aobac. Tha My = (Kojsasul, «, (o3, f21, 841, ¢) )

My E Ix (.0—(70)/\'33(9553 " L‘(‘A)))
aﬂwéﬁp% Ms ¥ Ix (\7‘3 (x..eg — ak(\a)))
We dekine L) = fwre 27| Mu F o1 amd ol bhis Ha laguage definad by .

A \Aﬂ‘g\AOﬂQ, L c i_* [} ﬁ;rs(:—oro\ex o\&{mo\[y(e. \'(_ L= oC(C() .f.r Sone g{rs\-—am\u ‘.(brww\\a. @ -
Give fik-oder definivions of #e bquaqes  T¥aaZ” | aZ7, and (ab)".




T]M,orcim R (,an}wxjc lLe &° S Stargm l.{»,amé m\ﬁ i(., L s fist- onder Mil\o.\olz :

( Sc\r\\'&"wv\\nuau‘ ;
“b“&us\n\'\w\ & ?GWV)

\We ke hawe  bhre equivalont  conditions en a (}N\av\n?; Le 3%
1) L is stocfree
2) L is fiesb-order o\b{.-‘qu\g(e,
3) M is Linibe and  operiodic.
We will ov\\na prove (1) <= () and () DD Aerc .
The prodf will boke us on o Litle tour o typicad fechniques  in the Yheoqy o moncids, antonahor,
WY | (uasc, tﬁ. idh we will m\,t_) s ke kps(_{-k.;u.bua,%\m.



