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10. Gramwars

A 8@1/\!/0\—}'{:/: o.ppcoach L Compu’-t-l'flld.

This chapter is partly based on the course of Jérg Endrullis: https://joerg.endrullis.de/automata/
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Abstrocking  oway , we fove: an alpholet Vo vosolden  (okoa. nen-tunieels ),
an olphoket 2 of lefters (o de.ce. berminals ),
an jaiked vortolle S eV,
wd o sek o rulee - g PRV M
whae M= VoI

A hpe &= (\/, Z,S, ) s cled am wnrestncked qrosmmar of ’c\ApeO growumas

} ol Sib«'nl‘



G{q.w\mﬂaf‘sj %,':vwra\\-c. éy\afgabi " -|-(m, “"F"‘”“"’" Ag .
let G=(V, 9,5, =) % o qromwas 1 ad = VU2,

. . .
wa wol‘o\b \/0'4 | LJ“,_ (> (_' | We wr~\'t-

Wy, =S W,
o"— Hrere exish a e x4 = x, W G omd wodn o&,(be ¥ sudh fhak- Uy SR [op
e sou ek wy fewrkw bo uwn i owe skep, ia cenbxt &, .
o 2wy w sy W Pewrthn fo vy . A S-pabh is cdled a dertvabion .

D&I-CM
L(6) = Lwe St | G =Fw) .



EYNMP[-L_ . .S — O\cAbC l aJoc v\o\-u\'?ow 4"1 S — kAbC ond S -—sa\gc oW J\u\\e/)

©— A—ahd —- A—AR —

A — +»AB [ o B

Bb — b8

Bc — (oc.c
A derivation ™ Hus grommad
S = aBRbe = aoAPbe = oaoAbBc = aaAbbce

= a&o»&‘o\occ = aoabbBlbce =) m‘ob@cc = aoabllvcce .

Echg}u,. Pfddc. -("M .z CGA = g o b“ c” ‘ n 2 1} .

e

The olsove roummes oy He Fropu‘-a Hok  words never %dr shortel $a o denwelRon.



H %(‘Q.MMM G‘ S 'V\OV\-c»n\'roLd'\'v% fF ) ,F,( wova rw\.c Wy =W, , (w,'l < (Wzl.
R Groomwa OF G s conlext-samibive ip all 6& s orules  one c&. tre  farm
zc,Av(\ — xvy {«,c 'x:,u&e.lﬁ*, AeV , and us -

Propestiion . A domgurne (237 15 %wmu by o mon-contiacking WW oand oy i,

L ——  conknb-sunsibiot
Pﬂ, = Figk wbroduce o vorisMe V, for endr ae 2, replace all lebken by vodoldes
br i 06 T, add He e VY, —a , udh & conkersensibiee.
Thn, rqlaee ey Xyl X = Y, Y (wzm) by Zea conbork- seibive
ey e Kgn = Xy e X, K e = B Kyl K, s
2,2, - 2y, — Z, .1 . and
2 Ve Ve = V2 e 2 VoY s Y Y e Yo Y = Y e

(= (ontext-sensifive Grawmmeds  are V\e\n-—wv\’w‘o\o‘n‘l\%. O



Nole . The uadcer 24, ..., 20 whvduad M He froo/ shold all ke dishact from each ober
and  also Lo Xy, . K ad Yo, Vo
For example , the  non- conkrackng  Oammac S — AB
AR — 1BC
PO — xx
c(z,w(,\?, doey aet prodmee oty words .
Howewer | il we fust reploce the e AB —8C by AB—BR ad BB —BC,
then 2% becomes davivwolle @ S — AR — BR — sex .
The o verobler L; prevenk Kty From \no.ppenina'. owe we use o rule
Xg=Xa D 2% =X, He only omy o eliminde B, 15t ek sone point
e»Q(»\;a Yo mm&ni,ﬂ dm -\ vuler o replace Z‘Xz...X,‘ FH Y. .- Y.



S — afbe | obe S>V.AY, Ye | VLV Ve

A — aAB ‘ o B A~ V,\AB\ V’*B
Bb — bB B\/b — \/\06
Be — bec BV, — WV, V. \

\[g\ % S V\o_‘\b .Vc_‘—bc,

BV, — \/b\jc\/c 'S Vq)\twé\ ‘06.'- Bvc — zmvc. ? 2\\/('. — 2’\22..\/; '
2| 'Z,,_\/c — \/(o z,zvc Qund, V‘D -zz\/c_ "")\/lo\/c\fc.
ok s:M:\an '&-ﬂ‘ Mre P\A\Q BV‘O h— V(D B )



"Coo\{'t\d‘uc\”

A *(Mfauujg, L C i* S c‘en(-cx\' - sensifive of {\',)rg 1 I’(. ““\un'. e.m‘sh a
contex - sensiive /non— combroc mwosr  sudh Hat L(G) = L-el}.
nNo C V‘% 8“0 l
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Tups Name Exprassie power
o) Anresbncted Rg,wsiuc.\g enumesedle (owa T™)
A Conbext —semgitive. Non-dekrmintabe  Linear spam, (M ("LBA")
2 Context - free Now -dlermninishie pusholosn awteaaton
3 Right~inear Fiaile  ombometa

We oill prove Hoe s renspondancer 0,1, 3 Mwa For 2, see Second 6\0% o('HM_c»wm.



Lt G = ({a,b), 1S], =, S) , with rules -
- S —= ¢
- S > a
- S — b
- S —> aSa
- § > bSa
The grammar is o dype L owd ok o fupe 3. (IFs o dpe 4 we comone e nle S .)
The  Lomguage £G) = {we fa,b} | revene (W)= wl.
There  does ok exist o fype 3 grommar thet gemsrabo fhis bamguage , sines
L(G) & ot resalor (b, pumging wamw&).



('ﬂ 'HN' wn(:(a‘C{"'Fru. ammmr 6 3»\\!&/\ (“3
S —4A

A—Sb
S — ¢
all o} He 1wl are ut—- or r:aln('-fxnw.
Howewer ,  L(G) = { oa"b" « mzol is wet reglor | so G tamndt be furmed

N o ptalnk’w W.



TMA. A Kmauao,, LeT i razulu i, omd only if, L=£(6) l'fu fome u;?h"—('p‘nw gramma 4.
Roo| = (et A< (@S, 8T, F) be on NFA Huot recomizes L.
Dg{r;m G = (Qufs] &, —,S) wth rules
S — 4 fo every i€l
p — agq for ewewy (p,a,q)e S,
q — ¢ Gor wery QGF .
Thon , for oy wwe T, o fave 1% fand oly f, A acephs o



The  oudomadon

G -
becomer e rpht - binear  grammar

S — A

A — ab

B — LA

B — ¢ .



Theorwn . A emautkg& LeI™ s req e las {, ond only i, L=oL(6) hht some ,@hl--(’mw gammas 6.
oo = Lot G=(V5,5,2) ke mgublinear w30 L(GI= L.
Define Ar= (Vi {HY, 2,5, 8HY,8) |, uwlhue the tomsibons o § o
- (A,a,B)e © Foc wery (wle  of He fom A—aB n G
. (A,a,H)e§ u _ A o —v—
Then A = o NFA iMs $-fromsihons | and | fc oy werd We i*, ur howe
S33%w {f, and only A occeph .
Thas, L= £(8)= L(A) ix regulas. a




Tl'\e. rc‘av\\-~€24w glmw\af
S— A
A — ob
B — bA
B — ¢

giues He ¢-NFA -

—@- O DO



Theosem . B domguane LS T s of duype 0 if, and only if, L s recunively enumerable .
Froof | Tca‘ne 0 >re. Lt G=(Z,V,,3) be o grommac  Such Mot  £(G)=L.
Dc{«‘u. o mon-dedeminishic Twira wodnine [ with two tages (input emd wode fope) amd
clphalte Vo 2, whidh doer He following
+ Plae S o tne wotl e ;
© Repeak  Mre folloving -
Guess a rule w, s w, of G
Guess o Lactor us, of Y vl dmpe (f Hwre 18 none, rededt Mre Rocp);
Rw\r«m it b\a Wy (incresse or Aecreant tpacing > needad ) ;
Chede (f e wolds Yage equahs M input Yape. \f o, HALT .
The mackine M Ralbs on nput oo 1, and only £, ve L(6).

Ramarle, § G is now-conkraching , we coun terticd e worlk toge o e fh \w\, Shce dervodion
- & “8 0(. LT Canm ew(ka cov\;j wordn O&m\"ﬂ < luwl. 9




T’Lro_o‘- t.e. =D ’ﬂo(,., 0. Lk M=(R,2,8,40,0,F) a nen- deluministic Tudng madnine  Hut occephs L.
We dfne o gowmor G=(V, 3,8, ) wher

Vie B8, TV U (R): abe Tofoll wf () aveZofo} qeal,
The Wea, 3 o simubdbe  execubions o M by rewrike ries of G Threa dypes o rlen:
1) Gwesst,\g e ingut  woork: S — (gBS \ s('é.") | T

T = T(a) | ({,‘O«)
2) Simulbbing the axecubion d M:
{"o:%q,\l «hye Zuia} ('i)(ﬁ) - (:l‘) b ) i 8(s, &) » (g,4,R)

()= ()6 ¢ o

1) Reod the oubput wwhan balied 3 w i aef |
%Y

for sl «,p,yeLvial,
Py = (5(;)_3{5,( (;)(S-Ao((b 0o —¢g .

) )



An O\CcepHNa Q:xe.ou(‘:om 6& H on fnpu{' Qa,..a,.€ :¥ (S Simu &‘CJ ‘y a MWLHOV\ m G an ,F[Lowtf

Rules

N S— (g)sls(E) T

T =T (:) l (qqq)
2)

(‘;)(ﬁ) ’(3) {5) f 83,3 (g4, R)
<)(3) (”)(“ § Slg.)slg,d,L)

3) (q,x) — & £ aeF , (%)

(1)('0;)4{50( | (;\(5—54(5 | o

— ¢ .

R_th. ‘f ul ovx\ad uses the Spoce o‘— He h\(ou& ,

= %\mu\r.k Yhe C.Y.e.Cu"\ own o,S. M
w»\\-\ M rodes a 4»\\\1»3 sele,
B) () ()~ ()6
(x)

()]

Fhew we com omit o\l the rules c»V\’rw'V\Rta 0 .



A /‘:’n ecor boumdee automafon ( LBA) 's o non—datmminnbc Tw\‘f\a mochine {1
w':\eqe. head newer mouven ‘ae«awo\ HNL beunmd o‘k, Mre Mpo& on the -Emee, .
Ef‘w\‘w\-u.\-‘aa‘ we G@n ollow wsima G(lw‘) Space ‘.‘—or o wnput werd U (n‘ncruuu Hhe a‘pl\d’o? size).

Thesrom . A '&Mawzgc . ¢ 5 i %emorald b& o contexk- sensifive qromwar W jowd on\jt&_,

L og.cc.e,pk-a (4\6_ o frvosr bounded ecuntomadon..
Pt‘oo{.. %*a Hre camarlis W Ha Qm,v‘\own ‘:roo.\, ourd  Hro gﬁt\' Mok €8 = non-con VR

Remark. » By Sovikda's Theoremn , NSPACE (OW) ¢ Dspace (O6M)) .

. Theorem (\w\wuwm/w\-Sze'evcsEm\Jl , 19€7) NSPACE (s(w)) is closed wncler comp lement for any s(n)3 [ogn.
T}\Mce 1 Conkoxf—sensiive \«u\aua.au ore cloted under comploment




AN. Lineos boumde el outvmata cle.!»(/m?n\‘z,,.b/e, . l-e., s
NSPAce (O6)) ¢ DspAce (OG)) ?
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We odd to fink order Logic Hhe possibilihy b quankly over subsebs f a shuchare.
Formally, we have fun seb of woviables. V; amd V, , awd curresponding guanhifiecs .
We olo have fuo new kinds of  atomic formulas:

X <V fe X\Ve

X () Por xe Va4 and Xe V.

The semombics in o skrwcwe H ad wolebon 5:V, 2 M | o, .V, — P(H) .
M,o,00 E XeY Y 0 (X) s a subset o o, (Y)
Moo B Xix) A 0,) b4 on et 4 (X)) -
M,0,,0, EVX ¢  ff Forall $e3W), M, 0,081k ¢.

() ]
We consider monsdic Second onrdesr ‘Q,oax'c (,HSO) ovenr e gi:]y\c.&wb ‘ < } O { e X k N Z}
omd e e finik wods oy shudures (i Hhe sone Woy as Le did gwl‘ To “()oac‘c.).

/



The s § we T | w bos m\.w%’an o e dedind W HSD by

IX (Y ((Biesttd » X)) & (Lostx) —~ X))
V\A (Succ(;r.,o.a) —> LX(‘X,) (> = X(a\)\\ \)

whore  $isklx) = Vy @ey) , Lokl = Wy (yex),
swee (219) = (eeyl & Va2 (xcz — ysa2).

T\r\e set &a"“o“ \ vx>,o\ Sy bt Ae%.\,\o-g\e m MSO.



T\r\_@oﬂr\ A {tmﬁwa.a» L c &7 & MS&—-a‘.L#na.QLL 1'{:. and ou\(ﬂ :’Tf, L i r?y./m,

Fe He ?MOSS J‘ = {5 conwvemienk 4o restnick s %\AV\\'OOC s& ™Mio bv\l‘a
we monadic  Setond-omer vamables, amd ne FO uvenables.
Tov Huis deline
ewsq\«a()() = WYY (X <EY) omd stmab(\:: - ew\o\—a()C) A VY (VYeX »((xey) vemﬁa(\/)).
Thew | in omy shudwre M, we have M, 0,0 Fsc‘zg()() L #o(X)=1.
We futler allow tos naws odomic forwnlan: K &Y (w\mta%-. for ol xeX,yeV, x.s.g)
ard  a(X)  (meamingr fic ol xeX, alx)) .

Tku« (n Oum HSO-QBPM\A\« (Q, WR  Coun Np\.c\uz. WMA occusrremce (g 'JCG\/q '93 Xé\é,

o\ oy o_}wh’&;ex Vx.'q, b\& Y X (s\‘na(’(\ —é*‘qﬂ . Thas deoer nek drowge. Hne
lamambion o] ¢, and I PYS re\u\('ivxa garm.u.(,a. s pwe MSo (wo Fo voralbles ) .



A fimule ¢ sl  pur MO on words sver 2, woraades V, s hdirchvely  datad  ao
X €V, XeY, a(X) ore Jormulon  doo XY eV and as I
=y ok L ore formulan @,y ore fo rnlon
'JXQ( O S f.,;wla.
Gluwm wse 2° amd v: V — ?(lw\), we.  demate lag W He werd in
whidh  hos Y some \,wﬁ%k s W, amd ok position 0zl < lwl |, thos He lebter

(W[t1 ,0(\,) where & € 2Y 'S Az{(w\ bg o(u_()() :_-_-,ﬁi "F‘H/:iU’(X)
o w |

w= acbo , o X {01 Then .

)
Y — {4,2}. W™ = 4

o S A
g 0 A
0o

Toc a pwre MSD-Lorula g, tx V i= Vi), we define
eﬁ(ce) b= f\bsu—\ weZ 0 VaT(lwl) snch Het Ho, v \=C(7l )
G \'Gw\-:‘)uc.oz. i\\ &‘phﬁ‘&l’ zk 2\/ _



Theorewn . A {AM%\».«?» L c &7 MSO"O‘-‘FAQELL {F. and onlj :’Tf. L i rejulm.

E"“:-l—u{.j? Ba iAO\MC—'C;GV\ on G P\M‘C. MSD’.F\)MAlOLC(, we W\ Shew ‘Hﬁ&\' o((L() ¢ rzgu(nf.
- . . | x . c
X s \/ . [he NEA a 2 a :‘ Ntoaqu oC(XSY) .
—_— . . Ss
O
X 4y ox »
Q(X\ . ___;@ LN Q’__, rew%wil% L (a( X))C :

—2,L 0 Ree 0 cesed wndr umion and complament

IXp: f X dver b scews ™ @, Han  £(IXg) = Llg) — ], whin v Kl regls.

Assume K in G. B\& M, b A o ocubomekon over the olphaloek szwm

Wit J(C(J\-?- LIA).

Dej:m N owes %27 by eroatrg Ha Lit foc X.

Then A accopts 157 iff Hure exishs o axlonsion v/ o} v o He voriable X
Suda Mk A acceph ¥ 0



Proof of = . let A=(Q,Z, §, T F) be ow NFA, wh Q={1,. ., nt.
[deany  Guess o succorsful tun, use Fo logic to cheele Hob f is corcect.
Formally, for Yo quess,wie  n MSo-varables Xy, .5 Kuy and Hre following focnmnlan

it = Vo (fist) = V VNV (o n X)),

ieI e ..|3 Gl‘lnp 6d

finad = Vi (Lost(e) — \ﬁ Xi(x)) |

\jrowu, ‘= \foc \7’1 (Succ ('K,\a) E— \/ \“/ \/ : (Q(ﬂb\ A X((‘K) A Xa(‘a\) ) ;
1= ) =t el: i.u\:\\es
pock = Vax (\/ (X;(x) A ./4\."!)(3(13)> .
1= 3F

e oo wdd axmd U, {.YJ\,--, XM\ = P(1u1) | we howe A, 0 E c«;\mg\-ml,\ms A pok
lg— (U',, \(. 1 ey I X,\) “Q&‘oe\t (1 sv.cc,e/ssx-u\ CWA e’& A on w.
Co QQA = Q-X\ - BX“ (i‘,\)\‘- A _fm,.i r trams n (Dm-/‘:) J an MSO- sewlence ""4"“"‘3 oC(A) . 0



Coro llw,j ] MQO s deccda !9(? ouver :‘/u'f"- {{nw orclevys .
P_cf{' Given om HGO ,F\)I‘MM(A <l i o fa-ﬁ'.!‘a[{alole f‘f/f Hhe ‘(mamc«ae I(cf) "
p\ov\-c.wx'ol—a . This &a.ppwxs "’H He consbructd  cundonedon accephs some word . O

T\nq, aloove -Lcc\avxi‘olw, Comm be extumded +o MSD en  obher shuchures | sudn on
.!V\&M?\t Wo AN ol {'f‘w , GMC\ -(xe/; ok the \AW\' DL Wﬁ VM&;&ROV\ o&aec'\\‘\mn\.

— Sea couwrse od M1 courses s amd



T heo 3%&%, Am’mwn's Suspa.p&’.rre [lolb)

https://www.kqged.org/arts/11633101/giant-sand-dwelling-skeletons-descend-on-the-exploratorium



