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Loa:c ctudies  methods e‘ v‘eﬂ\sov\ina.
\v\ ‘;fovosi‘-iom! Qala(c, ve M‘b'-

atrowmic ‘wo()o‘;\'RM P, Q ,R P tm\’\v\ ‘(20\\9\6'»

o, @0 e, e

Conwectivey Ny, =,V ,7, 1 y o Kvi‘)\u, wwde.gs
| Firs\’-orkm (P(mahk) Qna(,c , we \m»m e obove , and: |
: t)\mm\"\(_{c,vs V, R ‘ . (Tmu;) struduees
vw:a\,Qu x, '2/ - I * modelt 6& o girsl--oro‘lf 'H'\-Q.Org_
; :f unction Qnm\qo\g £, [P I
reditale  Cumbols R,S, ¢, .. | — —
P ol 12 ((
- eoqual =
1 % ‘N | /7 Maua tn{:e!eo‘:ina results
An (m\»ﬂ:w\t ummc. h Qozic: a (’.w’\ow Lok ween $3¢\\'N= omd  Semontics . (o Qoaic, \mwm ok

Yo Tnterdoce o
Sav\\w.\'\c mebhods are %rouped 0 Qfoo& {:\'\eora , semoabic ones os moda -\-kem} ) san\-ooc Limm“ts.
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How o bwila \a:o‘nsi\"\w\d ond %ﬁ\%m&u gomu\o.s




Lk B be o b, whose domnts we W\l el atomic progositions.
A~ (propositional) formula  with okowic pogusikions in By is om expression builk induckialy by apply:
© Bocany pe P 0 i o formude
foc amy  forlas @ and a4, Ay s e Lomnlon ;

: 3‘0( Oy :gmwm\M ¢ amd c(»—-mr'o o %«m\m}
1l s o %orw\u\o\.

- We wrike  Form (e,) .fo( the st 6; 'G)I'\M\&\N) with ekomic F‘OP”;H"V\S “ Po-
\“ Po= g?,q,r’() {kw Cr = (? A ((‘_-—%r))/\ (.\.-—b(?-—s‘ﬂ) (s o gormv\\a.

‘ An&a _Y.amu,\a. L\M o Sant&x {?e& ) -for instwnce , the Stan‘\'m( {'re.e. 6‘- (el /A\
« We &d‘;:\g, Some W‘o‘afevio«.\'iov& ) ‘f-o( M\b gomw\as ¢,y /A\ .1.7 7\
“g 1= Cp — | T = 114 i /—’\ —7\
;fv\‘, t= -1(1(?,\-.'*) Cf(-?«rzz ({.‘)-—Y\}\ A('\‘—Q(e) 1 v P P

@ ®y = tp xor 1y == (g r= ) v(eay)



e The abeve dl.*iv\i\"\m «4 ?rogos'\’ci onal ,@)nMM\A s an example Of' o nWomchve (mr fecussie ) Aq{m‘{w\ .
the concet i dokined i Yerws 4 theelf.
This is legd, grovided tot the “builbing Llods” are “smalec” than the Huing Leirg 2efined.
We boke the iden § ucive debiibions 05 bosic, bt fundamental. We  dkoin fom it 0. useful
Toduckion Panggle  Leb X € Form(B) |, amd  Cuppoe  Hlok:
for ey pef | peX
foo oo @peX, ey eX amd oy eX 5 owd
. leX.
Then X = Form (P,,) .
- There is mo priodly lhwen connedives. The expression i ombiguous , b
oo ke cod o otk (pag) = o palg—0) . Seme oubhors defim  comerion
o redwce pocentheses , but we mosta prefec 4o weike. thew . Dxceghion: —paq means pdag, ek ~(pag).




- A st«a“u‘mu o o tule L=(F P ar) whoe Tand P owe (hisjoirt) sobs amd ar: FuP—N.
* We ol cloments f T funchion sywbdls, clements of P predicale syebols or relabion symbols , ond
foo  se TuP, w ) orls) 4 a.dl-g {_ s.
+ For meWN, we wike F, = Fna() amd P Poac(e).
s ek V ke a sb, whose elemens we call vardables.
A Lo witn gmc’dws mE oamd vaidde m Vs c\q\)\u\ ?AAMd‘l'uela Lﬂ -.
Teem(F V) Choramy x eV, xis oo teem
ooy fe Ty oand amy notugle o buns Ay, ba), Al 8 s o bem.
lt Fi=f+,-1, Fozfoa] amd Fio §oF . Lk Vis{eyl.
Then (g, +(1, < (2,00) s & tem. We olso wile Res o (inkix notakion )
We cam dirow Syntex treec for tems. An  occuccence o(. o tewm ¢ I a femt s a node in the
ijn\'mc tree o{ £ et a&mblul'u the synba¥ tree 'a:(_ S. E.g. %/ N, has om occatrence NN

N\,
4/ N £ 0
%



A (f(rsl'-ordu) fomula in s.‘ano\('w'e L=(F, P, ar) and varaols w \V s o\e]L‘mJ Inductively by -
+ foc ong Re o ond omy nobuge d (BV)-toms 4y, b, R(b o b) 65 e (ohomic) formle,
(%) ,(oc owy ot 4 Yewms st , 5=t s an (otomic) formula,
« Lot amy formas 6, , AW omd @y ofe formulas,
AT oo
* Ao ony wwidde xeV od foowa @, \/p:( s & formmla .
We wnrle H"""(L;\/) 19« the seb af guch .Forww\\ao . (NB: Same nodekion as ropositional fomlas‘,\

+ The same  obbranehions ]L’or LT e x0R apgly here , and -
drg o= (Ve(ng)
Some outhors sk (). We cll the rowlim oncept o (Roboster) formeda vilhod equalily .
Lt ¢ ¢ Fom(L,V) and xe V. An occurronce & x in ¢ s bownd f it is in the scope

o‘ Some Vﬂ} omel .fru. oHnwwfsz . (N‘b X maa kmve. -gfw a:_o\ &)ow\o\ ocuffonces P, o 0ot occuIM(eaH“! )

/



M(ﬁ )."-‘— 2

remle - Toke Foas before and Pom {21, Then (Vel 22, - (4,0) n [524) Is o foomda,

waitten ina  more rwAa\er, \mua ’ (Vx (‘I 4 \8° 1)) A (%“'3) . ‘& Woo hwo ,e(‘eb eccuifemces ,
o bhos o boumd omd o ,qu. OCL WU rence -

Leiv-o-logicl romalks g F=¢&, Hun the on‘g Yterws are varddes: purely rdokional | sigpebure .
1§ P=¢ tHun bhe oly obomic formules ore epualihies: pucely fundional e “olglaic sigube .
* Elements of o oae  calld  constunt Synbols .
* Elemenb o‘x, Po o clled olomic propositions.
: \g F=0¢ omd B,=¢ Rcal a>o, thea toking V= we see Yk Picstorder formulas ia signature
L ond witho tasiobles are the save Hing 2 propositional  Lomulos with oomics 2 Py
< A Fo,ww»lu with no free occusrenan d{_ma.\oh» w oalled o sendence or Closed Lonmulo .
Exercise.. A P‘ovosthov\al {’orvm\ou with atomics in E, is oloo  the Same Yhing 05 o teem  with {md'\ows 7N

F - \—O v Fz \,,I,\em Fo::: {,L‘ omd F?. ‘e {A'—s'g , omad vocialoles in ?0.
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leb Po be o sk o} okomic propositions. We wate 2 :=fo,11.
Bw intecpretetion is o fundion M 2 P — 9.
Given ar inteprehabin M, e tnduckively adine s for swoy e Form (), o bubalue, LDy, by,
o oo pe P, [pT, =M(p;
« for g peFom(®), [ and= Dol - Oyl
: " - , g =y 0y = max (1-(e3, . 04T, ) -
Ly, = o.
Exercise.  Foc amy ¢,y € Fom(P,) , we have:
Eqvwﬂm = m«x(ﬁceﬂmﬁw"l“), E”?]m-‘- 1"@‘(’3,, , ET-‘),. =1 ,
gD = DeloeDybyma 2, Tg oyl = 1- (Ll 4D, )=
We wite M Eg if Tely=1 ad MFe i [¢ly=o0.
ln shorb: [epBy is the owduokion d @ in the Bodleon clyglern 2, subskihubing M) for code oqunnce f p .

{o i BBy =1 amd [yl =0,
A O‘Hsu'w;‘u, .

1 if (g3, =0vd,,

O ohherwide .



We el a proposikional forwula ¢ velid i, .For' oll inkrpretations N, MEe ]
sakisficble L ther exish on inkerpretadion M aeniedr W e,
wasodislichle o, foc oll inkepretakion M, MEe.
@ i unsebisfiable &, and ovly f, - is whid. Propostion T’ Estimated Likaihood

TRUE 100%

EXP"" £ BPP 99%

NEXP ¢ P/poly 97%

(f v= L‘,__.,q)v( — ) L £ NP 95%
| ﬁ P NP ¢ SIZE(n") 93%
BPP C SUBEXP 90%

P - PSPACE 90%

= = —_— PZNP 80%

('ez P P ETH 70%
NC1 £ TCO 50%

( ( NEXP # EXP 5%

C= - )\ SETH 25%

CeS r A (q v r) A (—'1 Vf) h Ffvs A"‘\? NEXP # coNEXP 20%
NSETH 15%

L #£RL 5%

Vot\itl? un skt s {—i olbole ? FALSE 0%

Table 1. What you receive, when you ask for my opinions on some open problems in

(Cook % Levin) “ - camplexity Bheory,
T‘AODMW T‘r\e. decision g.o\g\un 3}«% ¢ (s ¢ So\\'isf—(o.\aec? (s NP-ump\»\-c ; even .F,, Pa =3

ln Ffo,rliu., thore  exist 300& a.‘aof\mms, Lo"k 'Hu.ord'\m. amd rmu'hc‘l C.QA'T-Soloers ”) .

ln +heor 4 ) Lo m&%\n‘? exist o deleeminighic yo\anom&a) ~bime o&gon'»\'hvx got SAT (al{-hovak most expeds dadt
Hink s0).

The a\ml-ioo\. s called Pus NP, A problem even money  Comwot solve (so ¥ur>

R. R. Williams, “Some Estimated Likelihoods for Computational Complexity”, LNCS 10000 (2018) https://people.csail.mit.edu/rrw/likelihoods.pdf



We wow exbend e semantics Krow ?m?os’\ﬁomﬂ do %{r;\--or&u Logic.
Lot L=(F,P o) e o sigmbwe. An L-struchee s o duple A =(M, (g”)fep,(a")m)
whee:  « M is a set,
© for each LB, 7 s o funcken M — M,
Qo oadn RePa, R™is o sbosck o M
Whow F=@ amd Prz0 forall m>o, M=(M, (")yep), where, for eacn peP,,

?.M'_C_ M°. g?nm. #, =1, %?(MA:-Q,. Co we cam see M o2 o g\mc\'\m PO-A:I.

let /' be a st ‘){ varables. A valuotion 4 Vin M is a fumcion o2 VM.

A valuokion v o‘_ Via M exlonds (wmsiqualy ) o o fomomorghis & Tem (F, V) — M, by indudien:
c for xeV, T@:i=ulx), ol
Lo P By ond (b Bde Tem (F00, S( (b, t0) = £ (T8, ., 5.



let M be am L-stracture, V o sek o‘{. vanablesa, v:V — M a voluskion a;_\/\\aﬂ.

Whew xeV amd me M, we define vlxiam] = Ay of x=y bhen m else vly).

b werds, wlxiam] is He wluhon & W wbida we wpdske Hhe value ob x fo be m.

For a fomala e Fom(L,V), it bruth value, D], wnder the valiabion o is defined induckiody -
+ for Re P, oamd (t,,... t. ) e TW(F,\/)“, [R(é,,_f )]m =4 (@), -, 7t))e R™
- P ste Tem(BV), [ s=t —l\ﬁy =4 il Fl)=F(t), e o\mmso i
e gy e Fom(LV), [eayd, = gl [ '1';4., and gy ], e max(1-0¢Y, ,, Tyl ) 5
for e Bom(L,V) and eV, [Vrel, =1 § broey meM, Doy =1,

0 othomwise
We wik M EFe o HAE ¢ § [e3,, =1, ad M \rﬁ‘-te o Mo i Tel, =0
U3y, =1 if thee omls meM suon tt [l

=1

\r[x —m)



Lb\m___mo.. '# avuio»la(cx' kM no .Fr‘a ocumrence 19 <, ‘l:Lev\ E(e]])‘lv doer acot cle‘m.o\ on the velue o_‘\!‘a.tx,
ie., il v oad v are valuakions with V/a)ﬂr'(y) -fw a.“((,e V~ixl, then ‘IQB.M\:-:E(?BH g

Pros[. 1) We first show by koot | foc mny doom o whidh t does ek oo, Tz 7 (4D
2) We mot shew ‘3 o Cp 'H«p.\’ EC(‘B“N = ‘I(( Y oy
Tl\is is & 3000\ In \A.ana indm chive cca{_f/\{k ont ! n

B@cm 4, ‘H/\b aloove L&MM ) W‘\u\, m\uakna K‘(‘Bf‘f

oG urring M ™.

v+ ve may cotid v b the vadables
meams © Lo} ¢ be a ﬁard: such Hhat, xo}oc;’(.u.u F.al_jmce,
Lk ¢ (T, .., 1) e o foomula,od 3im (... mp)e M". %€ dran Eal.
We wikk M,ske if MrFe ,uke v is any valuation such Haab
vi)=m; for evary 1< (Sam.
When ¢ is o cobince, we wie M F ¢p (sina m is Hon an cogly fyple).



Le/{rwc, ML (FPOJ) M‘H/\F{"(‘ 010 and P=1{<].

Cav\sfo‘t’[ ./(/'; (lN/ + y ¥ O'y, ’l"y, 5”) where, m+Tm

4 s MM+ mn
.Fora“\” oV, m V= m-m
o” e 0
LA

<V {(« n)eN'| meam |
Then \/V is am L - structure , sal-tsﬁ.awa #nmi\ta.r .fu\-s Swih o0 :

K E ¥y (rey=yex) oa N F ¥z (x.020) oud # P Ve (022)
Howew/, nothing so for prventy e from concidenny He L-structure
= (N, +M, M, oM, 1M, <) wher, , foc auy mnel, "+ « m*
In His (umwswel) Lostruchure , none o o absve sandtcss are valid, . '.
ke | b vamgle H E 440, ond M b Vo (= (2-0=0)). L e men]
Shll, corkain sembenets axe fnn in ol stwdures; eg., Vx(ms&é v —t(xsaﬂ-
Cudn  sontonces are  called Jcau\‘b\.og'\eb.

N °x



| pradie, we oxt o‘Pew\ derested  not in “puee” toudologien, bt in consequuemess of « H.eofg,

A theoy in o sigmatue L6 o sk of L senlences.

A moad & Huom T 6 an Lostuche M such that, for ovey qeT, HEe.

A (cemonbic ) Consequence 4 a -Ekeog T is o sebence ¢ sudh Hhat, for any modad M ;7[ T,
kots khe caee ot M OF G Nobabion:s TEg . Whae Tyl 'y b W T=¢ "Fo.

Sotwesr g amd op are (smakiol)  equicnlent i botn @Y amd ypEop. Nobbon: o =

EME LQ.\.' L‘(&"1‘,¢) ox'.(°H2,1|—-\0)‘)J oma T!={Vz(xo1=x), V‘I—(i'ﬁ‘-‘?&)’
Vx.’da\f% (Qc-to)-%s x-(g-%'))'( .
Then o V\M’M dg_ T i 'HV. Somne 'vag 05 O MONOA.
T |==(.( MeoMS (e is +rue n all monoids .
Bc Q.XNMPQO-, Tl= 4'4='|, omao\ T\= Vx,((x.x)-x ‘=1°(7-'7°)).

Howw ) T \% V‘J:-Va (.‘1-'3'-'-3-1-\ , becornse Hhore exist mon-commuakice monoids.

(lvx HN'\S e,xmp& ) T s &g&( )y .‘om{’ H\m e,xu's\' mma \_ﬁgﬁ‘_\c Mheonen GX_ oterent Fo jastonnee
JC\\e bheorier PA (Peqmo Aﬁ{’hmc\-ic\ or 2ZF (Mo-ﬁxwkd) ore in@:\ik theornen th Ho sense J‘Wu“ﬂt)



P Gecwan foc " decision problew” .
En{'.scheiolwggffrolaem. Given o senbence cp an input, decide whither o met Fep .
(Hilbeck & Akermann , 1929)
This 15 ok just oy decision problem. s the fiok swe ever shown b be undectdolle:
Theorem  There s mo olgeitom  foc solvig the  Bobscheduuaceroblom.
(Chuedn & Turing , indepundenty , bk tn 1934)
M (Sleetdn) One cam define a asnahm L, amd, for ewery me N, an | - sembence ¢y, | sudn Yook
E G, i, o only ;(1. the o™ T\ui;g machine balks on all nguts
(of'. the o computadle funchion 1 total ). o

David Hilbart (1862-194%3) Nan Tring (1912-145%) Mlonge Cuuich (19031945
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We now rebwm to the sav\hoﬁc side, and deline whot b weans ko prove.  somekling .
b Lack, there are many  possible definitions o “proo”; amd we el o proo) syskm or caloulus one Such dhoice .
We bogin withh a systun called matucal deduction, amd we fist bok ab  propositional Logie.
les B, be a sk f obowic propotibion. A seuort is an dovek of T(Form()) = Foem(P) .
el gy o (G e b
We ddaw e sk D o (nabwrnl deduckion) decivaole sequens hduckively by

A o i qel', M M2 ¢ is dedvable

WDl - i M= and T2, we dviwde, Hon Mol @@ re s duduwlde,

WE) - > Ay & docuwble, o (26 i dervable ad T2y is dedvoble,

BT) - L T ovhel o i deioble , Hen [ = gy s daivable,

(=€) - L Do « dorvade amd (L D0y i deiwde, Ko [ 0T, D4 s diriwble .

(LE) - L Ul is derivble, then | for am «, r‘.—.—»c( is denudble.

(e) » if [olagl oLl s deinbe, tham [ =5cp 3¢ dedvoble.



{pl = g —>p (s dedodde, for amy pqe ;.
Pod. By (A, fpqf=p 1 doivabe. By (=T). fp = q—-p & dermlle. D
We dekine Hro mdelion & v b -
We can mows will the debindon o - anere suecindiy o

“te sequunt M= 15 dedulble

(PRGN AL LA SRS SR SIS dok SRS LB o SRS rEL
\"!r-cf m,, . Q"c(m{z Uk oo r‘&\,( ["‘l-((,
) - r: ("7_ - r‘,-a 1
(r oy 0,0 by M Ee
P b :
("‘I)k rrmsos —

" conclusion —_—
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There exist for  Nedul Dedureion ?l‘oc‘(s Y TR X ;]oélwws(..: , Fitda, Suwes.
Ce‘—"!(e—h'\.k, T\\L, ?Ne‘ ™

1} ¢ (Ax) Each Une i dhow {—g(vv\ "S5 9; (,R,y;
{2} "(-f (Ax) whue S is o sex o“‘ WO S S‘\,, v R 'S Mﬂh\( '\\?W
{121 1 (—€1,2) it indices Qo(h\-ing bo whare e prow ses M.Fomo\.
{1,2‘ Y (LE3) To convert Yais mebaHen mbv o denvobion e 5&‘4/‘6 ,
{1} B Al (-»T2u) veod each line o o w“um{; {9) °.A'eSl = 0; :
(P — _ (A
A ¢ Y
@, ¢ i ¢p
(1€) e
toeFY C
¢y ¢y




