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6.First-ordernatural deduction

Adding rules for quantifiers and equality



Recallthe syntaxofELogic(cours 17 :

· A signature is a tuple L = (F
,
P

,
ar) where Fand Pars (disjoint) sets and ar : FuP-N.

· We call elements of F function symbols ,
elements of P predicate symbols or relation symbols ,

and

for seFuP , we call arls) the arity of s .

· For me IN , we write Fn : = Frap" (n) and Pu := Psar"(n).

· Let V be a set
,
whose elements we call variables .

A term with functions in F and variables in X is defined inductively by :

Term/F
,
Y) { · for any -V ,

< is a term

โ for any feFu and any netuple of terms (t+, . . .

, tn) , flte, ...,
ful is a term.



· A first-order formula in signature L = /F
,
P

,
ar) and variables in V is defined inductively by :

· for any REPm and any n-tuple of (F,
X-terms to

...,
th , R(te , ... ,

tu) is an Jotomic) formula,

# · for any pair of terms sit ,
sit is an Catomic) formula, (we often write for = >

· for any formulas 4 , 4 , 614 and 4-p are formulas,

· I is a formula,

· for any variable xeV/ and formulate ,
Vo G is a formula.

We write Form (L ,X) for the set of such formulas. We will always assume V is infinite.

· The same abbreviations for -

,
X

,

T,t,
XOR apply here ,

and:

Jea y : = - (fx(-p))
· Some authors omit (* ). We call the resulting concept a (first-order) formula without equality.
· Let ye Form (L ,

V) and se V .
An occurrence of 2 in y is bound if it is in the scope

of some Vec
,
and free otherwise . (NB : < may have free and bound occurrences in y , or

not occuring atall!



Semantics (recall from coun 1)
_

Let L = (F
,
P

,
ar) be a signature. An I-structure is a tople M = ( M

, (fM(feF , (Rep)
where M is a non-empty set , for each feE , f is a function M"-> M

,
and

for each REPn ,
Rh is a subset of MV.

Let V be a set of variables. A valuation of V in M is a function o : V+ M.

A valuation of V in M extends /uniquely) to a homomorphism : Term (F
,
X) -> M

, by induction :

· for -Y ,
v() : = v(x)

,
and

· for feFn and It, , . . .,
tule Term (F

,
V

,
=(f(te , ... ,

tn)) : = fM(Ettel , ...,
Stal)

We define M ,
o Fg by induction on y , with base cases :

M
M

,
o F sit iff v(s)= (t) and M. o F R(t, , . . .

,
tn) iff Rcontains JCt, ) . ...,

EStal ]

and the inductive case for :

M
,
o E Vic iff for every acM , M , o 'FY ,

where v'lyli= Ga itnice



We enrich the natural deduction system for propositional logic with two quantifier rules and
two equality rules :

7φ
[ t
1e](
tE ) and

, ify does not occur freelyDEN
in

any Je Nudeg)
:

v
CREFLJ

5

“ ト-φ [ 'egsus

· t
,
t' are arbitrary terms

· g[t/2] is the result of substituting + for >in y (definition follows).



Refinitionofsubstitutionofums into terms .

Let <
, , ...,n

be pairwise distinct variables and lot ty
, ....

In be terms.

For any term t ,
we define t[t/, ... ,

tu/cn] by induction on t :

· if t is a variable

+ [ + /x ....
/] := [if

x =x for some 12:2

otherwise

· if t = f (s > , .. . , Sm) for fan navy function symbol :

- [t ,/ , .. .

,
En/n] : = f(Silt , /e, ..., ta/n] , ..., Su*, . . .

,
/en]] .

(i particular , if a is a constant ,
citl

. ~,
Erken] = c.



Definitionofsubstitution ofemsinto formulas -

Let > , ..., I be distinct variables and to..,
th terms

.

We define 4[t/2s, . . .
,/] by induction on a :

· if is RIS, --

>
Sm) for an m-ary relation symbol R,

φ [tile . , .

…
. tnlen] : = R(s、 [ t、la 、

…tlren
] , … sm[ t

、ya
、 , …

、tlran} )
· if y is, S2 ,

then ple, ...
/en] := s

, [tibe, --
,

*/] = Setbe .. ..,

*/].

· if o is 4, 42 ·
then git/, .. .
. /vin] : = 2/e , .

. .

, teken] -> Matte,, ...
Ekan].

ifi is then g [t(x, , .. . .

*
/x] : = 1

· if y is faze then

& [t/, .. .
,
tr/] := Yu [tile, ..., /kin ,

"ls]
,

where Si, , ...,if are
those variables among , .... an such that si is free in Jock and * +i,

andU := {
x

1 if x does not occur in ti
, ..., tip ;

a variable not occurring in 4 , ti,-.., tip ,
otherwise.



· In the last clause of the preceding definition , we need to be careful to avoid capture :

Example.
ーー

" ( P(c ,y)[x/y] = Fx P(c) because the re in the substituting form
would be captured

Instead : (Vzz P(x ,y()[z/y] = (n (P(x,y))[*/y , "(x]
= Vu P(u , x) .

지 (VxP(x
,y))[y/x] = VyPly ,y) because the variable 2 is not free in VxPlay)

Instead : (FrePlay)][b/x] = VxPlay) · (The substitution ignores . (



Substitution Lemma. Let i
. .., En be distinct variables and te

, -- ,
tn torms.

ー

For any formula y and any interpretation M ,
U,

M
, 0
F φ [ tifen. … ,tolan] i は,andouly if ,

lU
,
o
' F e

七 (ti ) if <=; for some 13:1n
where w is the valuation defined by : v'(el := 9 v(x) otherwise

ร

Coincidence Comma
.
Let o be a formula ,

M a structure
,
and 5. ,We two valuations.

_

If , for every variable e that occurs freely in ug , we have un() = velsel , then

M, 0, F if
,
and only if ,

M
, 02 y.

Both lemmas are proved by induction on 4. (Exercise. )



:= a pair with Man -structure , o a valuation

~
ikQ means : for all interpretations (M ,

o), if M .
-Fr then M

,
o y.

%
↓

We prove that the rules are sound :
for every jet ,

M
,
oFy .

(E) Suppose NF facy .
Let t be any term . We need to show NFG [t]·

Let (M
,
u) be a structure and valuation with M, OFF

,
so M

,
o F Voy,

Consider o'obtained from o by modifying the value at : 0'() : = - (t).

Since M
, o F Yay ,

we have M
, v'Fg .

By the substitution lemma
,
M, F p[tx]



(VI) Suppose TE &[Y/] ,
where y does not occur freely in To ach.

We need to show ↑Efay .
Let M

,
o FT , at M . We need to show M

, obta] FC

Since
y is

not free in T , by the coincidence Comma ,
M

, vlya] FT.
Since TFg[Y/] ,

we have M , viyna] Fp[Y/x].
Two cases :

· y = x : then immediately M ,
r[a] E 4 .

· yEx : By the substitution Ismma
,
M

, oEyra , +a] # y.

Since y is not free in Face , Y is also not free in ag ,
since ytse .

Thus
, by coincidence Lemma ,

M
, v[xNa] +g .

Soundness of (REFL) is clear
, (SUBST) uses the substitution temmer Jexercise).



The side condition in(I) is important ,
otherwise we lose soundness :

&Signature with one unany pradicate Ph

器品
。

品 lini?nn
iftfirifonpr.

ya(Py→ Pz) ( HID
tuice

But in the structure M = 190
,
15

,
PM)

,
where PM = dos

, we have

M # VyVz (Py -> Pz)

since M ,# Py -Ph ,
where v : Y 10 and - -1.

Exercise .

Show that the condition "y is not free in Vice" cannot be omitted from[VI).



Zologremark. The sentence - Fal is provable in our system :

が”
にt=)

Thus
,
we must require structures to be non-empty.

Otherwise
, if E is a structure with underlying set ,

then EFFEC for any formula c.
(because there do not exist any valuations in E).

But then E#TVest , so the semantics where we allow the empty structure is unsound.



We get two dual rules for 7 (racell Facy :=Fang) :

and
, if y does not occur freely#Y LEE
in any formula inNv 1x4,4h :tEI2)



Proofat [FIr) is derivable .

Chyp]------- ritronett
,z 9

t
*,

P - φ [ tle]
ー “”
#fany + 1 (→I )

pt Jace Jrscall Fxce := 2 Faice .

(

Pof that…

fhyplsantraposition
admissibe)

(
「
, ^ 4 57

↑, 24 + Vx veg

(VI)
-

TExyt-Frory
(ax]

ーや E)

「to
~φ ,74 トン

(6 )



Exercise. The following rules are also derivable :

_

「 (

FE ' " , iFe notfre in 「
.

「

xe
断

) ,

pt 4
_

7 tax φ

CFI')
, if i not fee in Nuth,Y AllR

トssymmand tsit
It

atsintrans.



Lamma . (Syntactic compactness) If Nt then there is finite TIT such that +y .

Roof . By induction on the proof of Tt 4 .
We just mention two cases (other cases : exercise) :

· lax) We can takeT := Ge3 ·

( →I) = y

By
iH,

pice p 'Et firitewithP ',φ - 4. Ther t
'

t φ →4 by (→I) 。

□



Examplesoftheories.
· For any >2 ,

letYn : = Ex ... Fan(i) , and To =E :n

Then Too is a theory in the empty signature ,
so structures are sets

,
and MFTo if M is infinite.

· Directed graphs , partial and total orders , equivalence relations , groups , rings , fields ,
PA ,
EF, ... (seeTD]

· In the signature with a constant O and a unary function
S

,
consider the two axioms :

1) fx + Sx = 0

2) txty (Sx = sy -→ x =y)

Also consider the monadia second order sentence :
In a structureM

,
I is interpreted as

3 ) K* ( *(0)( . tx ( * (a) → *( Sx)) ) → tyXlyl ) a subset of the underlying set ofM.

Then
any structure M satisfying (c) ,

(2)
,
33) is isomorphic to (N ,

0
,
+1) . (Dadekind's Theorem

There does not exist a first order theory that captures exactly (IN , 0 ,+1) up to isomorphism.

To see why ,
we need to develop some more method for analyzing Fo logic.



7 Completeness ofFo^

Godel's link between syntax and semantics



https://1000wordphilosophy.com/2024/06/01/godel/ https://en.wikipedia.org/wiki/Leon_Henkin

Theorem (Completeness of Fologic) .

For
any set ↑ of first-order formulas and b a first-order formula :

ー

(Gödel, 1929]
if p k φ then T +y

We will look at a proof by :

Kurt Gödel (1906-1978) Leon Henkin (1921-2006)



LetT be a set of formulas .
We say thatT is consistent if TX 1 and

satisfiable if NI 1 ,
i. e ., if there exists an interpretation M,

r such that M
,
UFT·

We will prove :

For any set of formulas ↑ , if T is consistent
,
then T is satisfiable.

This suffices : if ↑HY then Tv9vgh is consistent (using the (C) rule
and therefore Tv97gh is satisfiable, from which #G follows.

Remark . If for all finite subsets T of M , N is consistent
, then it is consistent , by

syntastic compactness .

The analogous statement for satisfiable sets is also true
,
but much harder to prove.

This will be the compactness theorem for Fologia , which we will deduce from completeness .



Let T be a consistent set of formulas.

Suppose M is a structure and U : V - M.

We define Th(M ,
v) := &4 a formula such that M

,
o F 43 .

We need to show that there exists (M .
r) such that TETh(M ,

01.

咝

1) construct a set T of formulas containing ↑ and satisfying some special properties ;

2) for a set T with these special properties ,
construct M

.
U such that T=Th(M

,
u)

.



The special properties of the set of formulas T are the following :

1) for any formulab and variable ( ,
there exists a term such that

↑ - Fec -> p[t/] (witness property) ;

2) for any formula y ,
either Tty or T + Ly (negation-complete) ·

Remark. If T =Th(M
,
c)

,
then T is negation - complete , and has an

extension by constants with the witness property.



Proposition 1 .
Let T be a consistent and negation complete set with the witness

property.ー

("Henkin's Theorem") There exists an interpretation (M , c) such that M
,
o FT.

We say : M
,
v is a model of

T

.

Proposition 2 . LetT be a consistent set offormulas. There exist an extension L of L by constants
_ _

and a set T of L'-formular such that NET ,
T is consistent

, negation - complete and has the witness property.

proots On the board.

Together ,
these two propositions yield Gödel's Theorem :

If T is consistent , pick T an in Prop .
2

,
and JCM ,

of as in Prop .

1
.

Since T &
T

, was in particular have M ,
o F T.



Competenessoflogic .

For any set ↑ of Formulas , if TF ,
then there exist

· finite T'ST such that I'Ey .

Prof. Suppose T F g .

By completeness ,
M + .

There exists TCT finite such that Tt4 (Syntactic compactness) .

Bysoundness, T' FG . 끄



Let M
,
N be -structures· We write

Th(M) : = 14 an L-sentence /M FyY
and M is elementarily equivalent to MSM = N) if Th(M) =Th(N).

Note that the definition of depends on h ! We write
, if we want to emphasize this

We say
M is a submode of M if M'S M

,
RM = R& M

: "for all n-any R,

and gl = y"/ pin for all n-any f.

A submodel M is elementary submodes if M/Em'M where

L
+M

= = L w 2 c(a - M'3 .



&venheim-Skolem theorems show that one can find models of varying cardinality.

Theorem. Any L-structure has an elementary submodel of cardinality at most the

CdownwardLS
.) set of L-formulas.

In particular , if L is countable
,
and T is a consistent set of 1-sentences , then

T has a countable model
, by completeness + DLS .

Theorem L T be a set of L-formulas and suppose that , for all neIN , there exists a model
_

(0L .S.) M of T with IM1=n .

Then I has an infinite model .

Theorem If M is a model of a set T
,
then for any cardinal KIMI ,

there exists
-

lupward (. S. . ) a model Mof T with 1M'l > K .

We omit the proofs ,
which can be done by compactness.



Compactness can be used to show thatcertain concepts are not FO-definable ·

Example Let L = &RY
,
so -structures are directed graphs .

A set T of L-sentences define connectedness if , for any -structure G .

we have GFT iff G is connected .

Claim . There does not exist a set of 1-senteness that defines connectedness
.

Proof . IfT were such a set
,
then

, for any n32 ,
consider

4 n
: = 7 (x =y ) n 7 Fx

.

… fen (xie ,
a yixna ☆

"

Reixi +.)
Now T : = Tr 94n : >24 is finitely satisfiable ·

By compactness ,
T is satisfiable .

If Guis a model of T , then Goin for all n>2 ,
so G is not connected.

But
, since T&T'

,

GET
,
which contradicts the assumption onT . 1



e By upward L
.

S
.
there exists an uncountable model W which is

elementarily equivalent to SIN
,
0

,
1

,+, ) .

We even have :

&Rolan's Theorem There exists a countable model W which is elementarily equivalent to IN
but not isomorphic to IN .

proo얀 Consider T := Th[IN) v3-k = n) 1 ne INS ,
where a denotes

the form 1 + 1 +... + 1 En times) -

By compactness ,
I has a model.

By downward -S ,
this model can be made countable

·

all it M
,
0.

{

But the interpretation (a) of s in M prevents an isomorphism M- IN :

any such isomorphism woul need to send 2 to a number >n
, for all naIN.

N is a non-standard model of arithmetic . Sem's paradox : countable model of EFC .

_


