LOGIQUE

E'\,S Paﬁ\.S - S&'d-lga

DEK d ,IL#LM DJ_-u‘c;uL

Conrs 3, 2025-2C




Point P["‘““""ﬁ :

‘MS de cowr$ *(e ‘{- mars

h h
m h ~18*I¢c
11 mors; doule cours 14" - 16 of 1615 ~1(8
o ()av\’l.‘ A 19 amoevs (¥-1lb TO

\o'T - 13" cours

)
' ¢ 22759 .
“.L. D"’\ Selo, ?u\g\\i eL 1S wmous o\\ Y‘%d(‘& (,(. 60-!//!’ GVt q



b. Firsl'-orde/ MJ’WJ deduchion




RLC.N“. ‘l"/\L Saw‘ﬂx ‘0‘_ -FO llgic ( Couss 17.

- A st«a“uhn s o tuple L=(F P oor) whoe Tamd Poawe (isjoit) sebs amd ar: FoP—N.
* We ol cloments f T funchion sywldls, clements of P predicale syrbols or relakion symbols , and
e se Tu®, e o) or(s) de ‘”;*3 {_ s.
+ Bor meN, we wik F 2 Fana(w) amd b= Poatle).
« Let V be a seb, whose elements we call variablos.
A Lo with ng\c\'iov\s mE oond vancdde m Vs &q\hu\ ?Nlud‘l’uela L5 -.

Teem(F V) doramy eV, 2 o bem

o ang 4o By and omy ntugle d bems (b, b)), 4k b)) o R,



A firsl’-ordy ,F)ormula in s.‘ano\('w'e L=(F, P, ar) and varaols w \V s o\Q]L‘mJ Inductively by -
+ foc ong Re o ond omy nobuge d (BV)-toms 4y, b, R(b o b) 65 e (ohomic) formle,
() - foc oy poic 4 Yewms st , 52t s an (otomic) formula,  (we ofion wie = Be =)
© fou oy forwdas g, oAy emd @y ofe formulas,
L s o Sermmla,
* Ao ony wwidde xeV od foowa @, Ve ¢ s oa forauda .
We wele Fom (L V) for the st of  quh Lormalan . Ve il a\wmas assume. V5 minite.

+ The same  obbranehions ]L’or LT e x0R apgly here , and -
drg o= (Ve(ng)
Some authors ok (). We cll the rowlbin onept 0 (Ribodee) formada vih equalily .
Lt ¢ ¢ Fom(L,V) and xe V. An occurronce & x in ¢ s bownd f it is in the scope

o‘ Some on omel .fru. oHnwwfsz . (NB v X maa kmvz #rw a:_o\ &)oww\ ocuffonces P, o 0ot occufﬂr\(eahu’l )

/



Smmlics (reeal from coun 1)
lov L=(F P o) be o sigmbwe. An Lostuchie s ahuple A =(M, (£)pee, (R,
whee M is a sk, for encn £eB, 17 is o funcion M'— M, and
for oadn RePa, R™is o sbosck of M.
Lot V be a st e]f varables. A valuotion 4 Via M is a fiumckion v VoM.
A valuotion v o& Via M exlonds (wmiqualy) Yo o fomomorphisin 7 Tem (F, V) — M, by induckiont
c for xeV, T@:i=ulx), ol
e P ond (fyyoble Tem (FV, S (R(by, ., b)) 5= P wk), .., 56D
We define M, ¢ by induckion on ¢, with bose cmes:
M, ok szt d8 651 ad Mok REE) 2 R adig (3) . #E))
omd e indmckive one fac V'
Mo b Vg df ooy actt, A, 0"k, whee vighe ]

oL c’f- y=x
U’fa) othenvise .



‘rJe em(ich He M’mm! Md\ow .Saybw _For Propost'(-im‘ (Aoa‘c with '('Wo o‘ucw\({F:er rules  oud

e\UO C?M(t“-a rulen
M Vx ¢p [ F el34]
(VE) M‘ i ° MmHT 0Ll
N Cf[t/fr.] t(:\ 3“:;2 r‘t{‘v"w%\ﬁzzl{j [ l“chIa ( )
t
(rerc) -+ Cq(_ /xlﬁ (suest)
Ok t=t Coest & o V]

bk ot ov/\o's‘(mr\a Yorms
. ce[k/‘lﬁ‘l (S k\N, MU\“- 8&. SM'OS“':’W-R’\Q ‘&g«-'x ?vx(.e (,o(q-.'.r\}.\\'sv\ ,?tup\uk}.



:_Pi‘{‘."j#’“ 6{.7 SubSH'ﬁ«(’\'m aJ 'l-c.rml' lh#ﬂ {ms.
L('k Xy, —, Xy e passwise lirhnok vawabler amd M "., ) eem > t, be éems .
For any tom + , We 0‘94;1\6 '!l:[-'&'/x., 5 e f“/x,,] bz. mduchon on t:

. i(: t s a vanoble x L
i

f[*‘/z,,,_, *“/x.,]* {

pla otherwi'se

i‘ {:'— f(s“-.,, SM) x’" ,c M N-Oy ',(_MC’ROV\ Scam\uo\:
k[f‘/x'l )~ {q/‘x‘nj = g ( 5\({:'/11 ' "'lk“/t\qja ) Sw\{&'/x\ p ---,{“/zv\]) .

(wm porticlar | ‘4 C S @& conttoml c.[{"/at:,,.._7 6"/7::“'] =c. )



%_hin_ o* subshihfion sl ftmse b formulos
Let 2, .., T, be dirkinet wjables amd &, ... b, bems.
We dwf(;,\g, c(:[k"/'x,,._., J""/‘Jt,,\] loa thdumction on cp -
g ois Rsy,-, sm)  for on m-ary  relefon sgwslea\ R,
S TP Ay RS- X (PR CVARUI A WO LY S g
- Lo s 5 =8, , thew cg[“/x.,...h/t.,\} = g [ Ve ) = o [V ]
- if @ S Wy, thon ce[%‘/x‘,...,f"/xh]%- ’]h[%‘/t‘,--,‘eﬂ/ij-—"\*z[-hlz\,..,fh/‘lh].
S AR TR 7 R/~ P
il o V:r.*\{ theu
¢ [&'/x\ ,_-.,‘l""/xw}:‘ Vu ﬂ.\,[h'/x;,,..., é:"/:ca,“ u/x} /

where X; =, % ore thote vadables among x,,.., z, such Hhak x; is e in Vx'q, ond x; £ t;,
ond M‘-{x’ ?(. x doer aot occwr h t:‘,...,{ik}

0 vonable wot oc.cu.triné in 'u{, (;t',-,,,{, otherwsse .
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© e dask clame of Hhe  prceding definchion, we need b be caccful o avord  cophure :

Ccample.

1)

2)

(VJC P(x,3)>{x/\a] # ‘V/I— P(‘I,?&\ Ee.cow»x bre x in Hee SM\as'\'{N\WA'\:ﬁm

would, [loe CQ»?E\MTJ’\
lnsteod : (Vx, P('x,a)wx/‘al = Yu ( P(%\a))Ex/a ,u/’f']
= VUL P(u,x\ .

(W P(x,4))(%/2] + Vy Plg,g)  beconse He waolle x is mat e i Ve Pley)

(nskeced < (Vac?(:t,n))‘:\b/x] = Vx P(x,n\. (,'ﬂm subghhdion gnores = )



subs(“"('u"“"\ lemmen . L('J(:' Xa,ooy X, be diskhack vorables oned ﬁ,,--, t, fews.

For any .formlu ¢ omd Oy «inlurnf-w}'l'm M, o ,
M, o E cf[{’“/ac1 ) o) t"/z.,.] ;;f,%,{ ouLy .']E, H, v E ce

U 6' = X=%; oML £ign
whaue v/ is He whm{'ffm AL{aMJ b~a°. U"('x.)if—{ U( 2 i t fvrs e :
U(x) oHenvise

Ce«\\c:dma, (bwww\ . LC‘\' C( ‘oe o gocw\u.(os . M o stanchure P ound\ Uy,T, 'l'wo volusdons .
\g ) %o( wema VO % 'Hml' occn M in @, we howe Uy (-n)‘-‘— 0’9,(9:.) ; Hen
Mn"’1 t:"'( ‘-(ﬂ“”“’\ °"‘L3 "Jn J“tl"'z(:"(-




("L--c(, Mmeoums ]ear ol ft\‘apr&“\("'oM (M,ff), t'( M,o’t:r' Hann J’(,o-%ce,

Ve prove Hat Hhe ruler e sound

(VE) Swpoe [EVxgp. let € be amy term . We need b show [ME @[ %]
Lot (M,v) be a stuchue amd veluabon wih «M,O'FF, S0 ﬂ,o’Fche,
Consider &' obluined Lrow v by mmodifying e vale ob =: o'(x):= 0 (4).
Sne M, 0 EVxy, ce howe M, o' Eo.
By e subshbnbon Lmna, M, o cfft/xj.



(VD) Suppse T E o[ 32] | whore y doo ot sccur gy v (o A ¥xel.
We need b shoes rl=Vx((;. et M, o EN, aeM. We need b sow M, vlxsa] E .
Sinee Y is ot free ™ [ by the coinciduce bwme. M, 0‘[3(—»0] ET.
Smee (7 ‘=te[‘3/w], we dove M, v{gHaj \‘—‘cgt‘a/x].
Two cnes:
cyz=x : Hen  immediodely M, r[xea) F o
gEe t By the stk b, A, 0fyea, x—a] B o
Sivw Yy D wot free m Vxep, 4 1 olie et free W cp, shee g
Ths, by Ccomcidomee Lowmen M, vle0] Eo.

!

gouvno\v\%s o( (KfFL.) 1S C‘eal R (S\ABST\ Uuses 'H‘& ShbS)ﬂ""wkou &w\mw



The cide tordibion in (VI) s imgortomt | othemise e lose  Soundmess :

— — (ax) Sf ncture wth sne w rediate ?>
93 \—'Pu‘\ ( d - war
Py - VP
PB . Px x-(VE wilh $:=2)
""P ZP _ (—T)
Fh o (V1) hvice

Pt ia dhe  chrugure M= (‘{b,’lk, ‘Pn), wihre Pﬂ" 10%, we, Rovue,
M B \V‘ta,v?: (93—"?%)
$ince M,\rb‘?\a—%"t , whore \?:BHO omd = v 1.

Show ek Y condiliown commer be  omitted QNW\CVIS



me_e-(,ga:u.( ramoxle . The sembmee =Vl is provalde in owr s«as\-tm:

— (o)
Vel b Vol
-~ (VE wibh t“'—' x.)
Vel F L
—(—>T)
b Vel
T‘/\u), we stewchures to be V\ov\a-e,mp(-\a.

Obhenvise , if € is o shadwre with wdelying 2ok B, How EEV g for amy formda o -
(becmc Hhore do wek exist Oy voluckions W €) .
But Hhn € 7 Wzl , o He semanber whore ue allow bhe emphy stucure T



We sk tuwo damal pulen for T (recdl gxce sc——a\/ana)f

RN (31.) [, oY by (a1
" 3x ¢ > [, 3 N
¢ ) Jxe F‘l.r



C—

F‘,‘tﬁc—ue!- [, Ux = (ox)

ved

]

~ = - f & - =~

(fye?)
{‘ﬂf F\—ce[*»/ﬂ T, W el -, -'c(({-/"ﬂ.l :
— (—F)

@4 Hot (3T) © deswdle .

(bgp) = =7 3 7

M, l¥x] by
= (com(mv otWen admmits e )
f —'c'\.\, I~ 'ﬁ(e[%/‘t] (VI)
ri’ "l'l\/ t._ V‘L —at( '—‘V"c—"’(?‘_-"d’i‘lt? C&K)
(—E)
r., ‘“V'X"ce’-l"o(“‘l
()

V)= Vx e by



TLl fo“nwina tules o alie denweble :

[ F Vxco
~ (ve’)
C ke

\..
L (3r;)
r‘l—axce

J

[ s=t
Cr E=s

. (SYnM)




LQ,WUM.G\. (_S\an{\o.c.\ic (pmeo.t{'\u.&s) ({. P"(f ‘H\un- %M& 3 'ﬁh“k F,SF S‘“&{n 'H‘ﬂ-“ FIP({
Vio_o_‘. 153 induchon ow H«t. ?roo‘. c‘ rl’(( We ju.s\' menhon twe casen (Wwf Coneh : qucck.)'.
 (ax)  We can lale = {‘Cl .
(=T) Tty By W, pde U'ST G with Mg by Then M hg sy by (—I),

O



* For omy nat, b ¢ = 3x,.. 3=x, ( :/:\: j/:\\h"\('x‘&ﬁ}\ , and o = {% t m22).
Then T w6 o theong In the emphy signcbue , so shuchwes s sh, ad AETL f Mo wlnile.
© Diredhed gmphs, povkiel omd bl sdders, equivelence culskons, geougs, rings, fiekdo, PA, 2F,
ln the s:a.\o&wc. with o constmnt D omd, o waany funckion S, constder Y% huo oxioms :
) ¥x «Sx=o
2) VM (SxzSy — x 2y)
Also  consider the monsdic second srder Senttmee :
2) VX ((Rlo)a e (Xl = Z($2))) — ¥y Xly)) sobsck
Then owy shructure M sebifying (1),00,3) & Bomerghic to (N0, +1) . (Deseliind’s Thesron)
Thae doer aok exist o {’m% order ‘“f‘-eavy thet Coptuces ¢Ko~c(4a& (N,o,-vﬂ uwe 1 Yiamerghnam.

To See wM, we  weed o Mb\op Sona.  More  meklodn .Fm M‘Qwﬁ Fo &atc..



7‘, .C_ﬂ"‘ pleteness s\_ﬂ

Gb'del‘S Ciale behveer .sgn*ux owd Semo~dics



Tt\eorm (COM‘)‘GWS i Fo loaic\. F:Jr awa S&t P 0(: F’cn\'~oco\.¢4 Formu\w) OMO\ Ce [+ N fzrﬁ-ar&u ,Fa(Mu‘&.'.

CE
C M,lqlol') i( r'l'——c.( ‘Hr\u,\, r‘\—ce.

We Mu look ok o (’no(. b‘a

K\A.[" Gédﬂ.( (\‘\Ofn-\q’-}s) LQov\ Hem\dn (\6]2)—2006)

https://1000wordphilosophy.com/2024/06/01/godel/ https://en.wikipedia.org/wiki/Leon_Henkin



Lﬂk r (03 i 8 Sbk o(: ,focmu\m . \»\e 30«3 ‘—lo} T s consisknt t" r V_'_ omdl
sajtix‘&afvlc I‘F [ # L , i-e., i( there exists on inkrpmlu‘?on M, v such Hhet J'f,chfﬂ.
\'\\e w‘i\\ fmUe’ :

Thi Sm%’&) g ig r VC( Haonn FU{"C(} is consiskenf (‘4""‘(7 He (C) rule )
omd\ ‘Hae,re{:aw F Y {l“'f.e'\ b .S‘m"fs.ft‘c\éle., _f/ow\ v buda r’?“( foolLouu

Rewcir, . (‘{. $or all favle  subnebs r! of r‘, o consittt, Han 1 D Gonsisheant | L"A’

—_—

%samlmc’cic oompmc\'ncss .
The m«(ogous statcment fpr Sa-ksf.‘able. sels 5 also f/‘ue, but much hamler fo prove .

This will Le He tompactness trorean for FO (»as'c, which we will oleduee éam compleleness .
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The of Ho sek o formiloo T ace Ho follouing -
1) 'g.orw'&a formmala cfwuwa&k—,g,ﬁuuwcsha’cmw‘l;mo&ﬂd'
T F gbc( —> (()D/bj (witmess ?‘“P“\";\) )
2) {4( ouey bimala @,  ailtrer Tre o TEg (v\e,god—‘sov‘—wm:\o\akB.

Revv\a/l«.. \g- T =T‘A(.M, 0\ , Yron 1 3 neaa{—iom—cow\olg}g, o hon  on
K ungvor (ha s bads Wik e wibness ‘N\)M-‘a_




E(’a‘zaial-‘so\'\ 1. let T be o consistent and maoﬁon complei. Rt withh Hhe  wibness ?«‘afuka-
(" Hembiny leorw.) There exisk on in\u\m.‘m\-io«\ ( M ,0) such Yo M , U FT.
Mo is o modd e‘, T.

\i‘fpus\?kon 2. lek [ be o consistwt sk 6{»','3—0('/\'\“\0&4 _ There exisk om exbension L ‘{L l)a cnstonts
mdasdTo& L/_g_.,,mnlw sudhdhat TST, T s coas{s‘(—mf, Maa’&on-ww\p\l}c and, hosr Mo cabrens ‘mo‘m{-a
Ms DA He boad.

Toatw , Haore fwe ‘)rofostkons yield  Giodals Theorema:
T0 T ois comsisbut , oide T an M Prop.2, ud (M, 0) o i Pop.t
Siace [PC T, we & potiedar bawe M, o F[




F sk [ oﬁ Pomanlon, 4 rkce , o Hrare exidb
Cow()ud'wess 0(_ TO QOZ;Z . or Ma | !=
- e fone T'ST cuckh Hak T ke

?cﬂ. Su,vfosc r' = @ . ‘—. i
B wmp\,e,\-w\e.ss ) CQ ‘ | |
Tsm exists ‘—-»l - F' :FGA;"(; suds '\'ba& V" F Ce (gtdvd-ad\c. cam'a.dm.s 3
Ba Soumdwass | r Fe.

13



let M, N be [-studwea. We wrlke
TL\(M)‘-‘— {C( om [ -Sentemce f M Ff-cek
ek M demm{mvl,a e_qw;va.(.bhb Y, 4 {,M.':‘VV) if 'n\(j/l):_Th(./V)

thok the definkion f = degonda on Ll We wik T f we vt fo omphosize Hoix

We Sou M a submedd oJ_J{ ¢t Mec# R'Ml-.- R'Mn M Ll n-ary R,
"
GMA X = X'A(M'“ ‘%a(‘ o«.(( h-cwa g.

Bosumoddd M 5 elementnny submoctel i M= 0 M where
o A
L = L u .{ Ce. l a € H,} .



Lg\»wkﬁvm-'gka\ew\. -\"Azon'.ms s\rww R\u\‘ one Coun %"\A w\oAQS.S o,‘ Um'ail\a C.ar&imul'!a

Theorem.  Any  Lostruckun has  au elementnny submodel of cordinality af mosk e
(ownwod LS) st o L= Poramnslows .

W pobicudar, F L ois countable , omd T is a comsishnb seF of L-fewknces, e
T hos o countoble modd | by complbeness ¢ DLS.

Theoom Lot T e o seb o Lfomudss ond suppose Hrak , for el ne N, Hrere exdb o model
(da LS) M 4,-(— wath \H‘»ZV\ . TLUM. T ‘6\&4 Gan i"/\.la‘ru'k modJ,

Theorem . I M 3 a modd of a seb T, thon for auy cacdined & 2 [Ml, Hore exsib
(,u?wwﬂ"- L.Q.) O~ wwdll A/"T WY 2 IH’/ZK

we ow{“" “"\t pl‘oo(:s u'f/\zd'\ Carn Le. oboN- La ampcu:,f-nws.

7



Cempm{mss Coan be Used 4o show Hab cedain concept? are nol FO-defisable .
let L=4RM}, o Loskucdwer are dirceted guaphs
A st T of [ -sendencan definen conmechedness T, for auy L -stmchae G,
we foe G ET i G i conneched.
Usion . There  doer sk exat o gob of L-senfinees Hat defines connechedness.
Fos. T were sude « , then, for amy mz2 | consider
Y., 3= -—r(x._&a)/\-z?tx cIx, (x 20, e ‘x‘,.'\_/\R':e 9:‘...3
Nows T := To f'q,n : w20 D ¥Wk\‘3 sedin foolole.-
By cowpadmess , T D sobisfiable
it Gy o mooted a} T, Heu G,u(:fq,k Jor oll 122, 0 G U mof conmedel,
Bt | sme TeT', GET, which controdich Ha onsumphion en’ 1.




B‘é\ apword  [.S. Hure exists an uncoumbnle  moded N whia o
domentarily equivelont to (N,o,4,+,-).
We awen  howe :
Clolewnss Theoww  There exabs o modedd N whick s elementonly epuivalet 4o N
bub nob  isemorphic fo IN.
Pg;o‘. Comsder T = Th(N) v % —r(zii\) | ne INE , whoe m denches
the {oom 1414+ ¢1 (0 bwmes ) -
83 compaciness , T Hheo o model.
A‘c’l downword [-S ,  this model caw be made countable, ol it H, o
But the mbiprebmblon o(=) of % m M pevets an fsomorphitm H— /N -
amyg Such Bomorphitw  woulel need fo sud x (o a numler > n feollne M.
Skolens's pradox : countable wedd o ZFC.
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