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10. Elementary theories of arithmetic

Combining logic and recursive functions
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Arithmetic

The signature of arithmetic is {0, (=)', +, -}, where 0 is a
constant, (—)’ has arity 1, and + and - have arity 2.

We will give the axioms of Robinson arithmetic. They say:

» (=) is injective and its image is everything but 0 (Q1-Q3),

» + and - obey their inductive definitions on the right (Q4-Q7).

Elementary Peano arithmetic, in addition, adds a first-order

induction axiom scheme.
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Axioms of Robinson arithmetic

Q1 VXVy(X/ = y’ — X = y) successor is injective
Q2 Vx 0 # X/ zero is not in the image of successor
Q3 VX( #* 0—dy x= ) everything else is in the image of successor
Q4 VX( +0= X) zero is neutral on the right of plus
Q5 Vx(x+y' = (x+ y) ) inductive definition of right-plus
Q6 VX(X 0) zero is absorbing on the right of times
Q7 VX(X ( . y) + X) inductive definition of right-times

Robinson arithmetic, Q, is the theory obtained from (Q1)-(Q7) b

deductive closure.
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Elementary Peano arithmetic

The induction axiom for a formula ¢ and variable x free in ¢ is

Indy, .« [p(0) AVx(p(x) = o(X)] = Vxip(x).

Elementary Peano arithmetic, PA, is the theory obtained by
deductive closure from (Q1)—-(Q7) together with Ind, . for all
formulas ¢ and free variables x in .
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The standard model of arithmetic

The standard model of arithmetic is the structure A/ based on N,
in which 0 is interpreted as 0, n’ as n+ 1 for every n € N, and +
and - as the addition and multiplication functions, respectively.

Clearly, N' = Q and NV = Ind,, « for all ¢ and x, so N |= PA.

Skolem’s theorem shows that there exist countable non-standard
models of PA (and thus also of Q).
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A non-standard model of Robinson arithmetic
Define a model S on S := N U {a, b} by extending the functions

(=), +,- as follows, for any x € S,

» 2’ :=aand b := b,

» x+a:=band x+ b := 3,

bifx=a aifx=5»b
> a4 x:= b+ x:=

a otherwise, b otherwise,
bifx=a aifx=»b
> x-a:= x-b:=
a otherwise, b otherwise,

0ifx=0 0ifx=0
> g9.x:= b -x:=
b otherwise, a otherwise.

Exercise. Show that S is a well-defined model of Q.
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Weakness of Robinson arithmetic

The model S shows that none of the following sentences are in Q:

Vx(x # x')

VXVyWz((x +y)+z=x+(y + 2))
VxXVy(x +y =y +x)

Vx(0 + x = x)
xVyvz((x-y)-z=x-(y - 2))
VxVy(x -y =y-x)

© N o g &~ o=

VxVyVz(x-(y+2z)=x-y+x-2)

All of these are in PA. Conclusion: their proofs require Ind-axioms.

successor has no fixpoints

plus associative

plus commutative

zero neutral on the left of plus
times associative

times commutative

VX(O X = 0) zero absorbing on the left of times

times distributes over plus.
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Robinson arithmetic is incomplete

Proposition

Q is incomplete.

Proof.

Let ¢ := ¥x(0 + x = x).

We just saw that I/ ¢, using the model S of Q.

Also, t/g =, since ¢ is true in the standard model A/ of Q. |

Remark

This is not Godel’s incompleteness theorem.
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Numerals are provably injective

Lemma
Let n,s e N. If n# s, then Fq n #s.

Proof.
By induction on n.

n=0.1f0+#s, thens=1t', with t := s — 1. By (Q2),

Fq 0 # t.
n=k+1. Then n=k'. Suppose n# s. There are two cases:
s = 0. In this case, by (Q2), Fq k' # 0.
s=t-+ 1. Then k # t. By the induction hypothesis,
Foqk #t. By (Ql), Fq k' # 1t |

Note. We used induction in our metatheory to prove the lemma.

We did not use any induction axioms inside Q.
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Representation of functions and relations

Let T be a theory whose signature contains 0 and /, and n > 0.

Let f: N” — N be a function. A formula ¢(x1,...,Xpn,y)
represents f in T if, for any (p1,...,pn) € N,

if f(p1,...,pn) =q, then 7 Vy(o(p1,--.,Pn,y) < ¥ =1q).

Let R C N". A formula ¢(xi,...,Xp) represents R in T if, for any
(pla-van) € Nn,

if (p1,...,pn) € R then F1 ¢(p1,...,pn), and
if (p17 .- '7pn) g R then l_T _'90(p17 .- '7pn)-
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Robinson arithmetic represents recursive functions and sets

We just saw that Q is a weak theory of arithmetic. Still:

Theorem

Any recursive function or set is representable in Q.
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Recursive functions

A recursive function is inductively defined as follows:

the constant zero function N — N is recursive;
the successor function N — N is recursive;

for each 1 < i < k, the it projection 7[';(2 Nk — N is recursive;

vV v.vyYy

the composition f o (g1,...,8) is recursive, for any recursive
f:N' 5 Nandgi,...,g: NF 5 N;
» for any recursive f: Nk — N and g: N¥*2 — N, the function

h: Nkt1 — N defined by primitive recursion is recursive:

h(p,0) == f(5) and  h(p,n+1):=g(p,n h(p,n)) :
> for any regular recursive f: N¥t1 — N, the minimization of f,

uf: Nk — N, is recursive,

where k, ¢, n € N.
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Regular minimization

A function f: N*1 — N is regular if, for every p € NX, there
exists n € N such that f(p, n) = 0. (unrelated to ‘regular language’)

For a regular function f: N¥*1 — N, we define its minimization at
p € N¥ to be the minimal n € N such that f(jp, n) = 0, that s,

puf(p) == min{n e N | f(p,n) =0} .

Remark
The minimization of a regular function is always total.

We will not need to consider partial recursive functions.
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Recursive functions and Turing machines

Theorem
Let f: N — N be a function. Then

f is recursive
if, and only if,

there exists a Turing machine M such that, for every n € N, upon

input n, the machine M halts, with f(n) written on its tape.

Proof.
See the Computability course (first semester). |
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http://www.lsv.fr/~comon/Calculabilite1/poly-re.pdf

Recursive predicates
Let k > 1 and S C Nk,

The set S is recursively enumerable if there exists a recursive
function f: N — Nk with im(f) = S.
The set S C NX is recursive (a.k.a. decidable) if its characteristic

function ys: N — N is recursive, where

1 if(x1,...,xx) €S,
Xs(x1,. .., xk) == _
0 otherwise.

Fact
A set S is recursive if, and only if, both S and NX\ S are

recursively enumerable.
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The proof that recursive functions are representable in Q

. is not very difficult, but quite long and technical.
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11. Incompleteness

Computably characterizing arithmetic is impossible
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Context

» Cantor (1878) formulates the Continuum Hypothesis: any
infinite set S C R is in bijection with either N or R.

» Zermelo (1899) and Russell (1901) realize that unrestricted

set comprehension lets one define the set:
S:={x|x¢&x}

leading to a proof of L.
» Zermelo (1908) formulated a consistent set theory.

» Hilbert's Consistency Program (1920): to prove, in a finitistic
way, that mathematics is consistent.

» Entscheidungsproblem (Hilbert and Ackermann, 1928): does
there exist a decision procedure for provability?
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Theorem (Godel's First Incompleteness Theorem)

Let T be a consistent recursively axiomatizable theory extending
Robinson arithmetic Q.

Then there exists a sentence ¢ which is independent from T.

Theorem (Godel's Second Incompleteness Theorem)

Let T be a consistent theory which extends Q and admits a

provability predicate, Pr. Then

T —~Pr("L7) .
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Plan

» We will prove the First Theorem.

» For the Second Theorem, we will only outline a proof.

» We mostly follow Boolos and Jeffrey 1989, and Smith 2020.

» We first define precisely what ‘recursively axiomatizable'

means.
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https://www.cambridge.org/core/books/computability-and-logic/440B4178B7CBF1C241694233716AB271
https://www.logicmatters.net/resources/pdfs/godelbook/GodelBookLM.pdf

Godel numbering

Let L be a countable signature and let V be a countable set of

variables.

The set Form(L, V) of formulas is countable: there exists a

surjective function N — Form(L, V).

A Godel numbering is a computable injective function

Form(L, V) — N, whose image is a recursive set.
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Formulas as strings

Let L be the signature which contains, for every k > 0, a countable
set of function symbols of arity k, Fy = {f,,(k) :neN}, and a
countable set of relation symbols of arity k, P, = {R,gk) :ne N}

Let V be the set of variables {x, : n € N}.
Let X be the union of V, F, P, and {(,),A,—,3,¥,=}U{, }.

A formula in signature L and variables V' can be viewed as a string
over Y. Note: the alphabet is infinite, but this could be avoided.
For readability, we write x := xg, y := x1 0 := fo(o), (—) = fo(l),
+ = 7‘0(2), and - 1= f1(2)' and we use usual postfix and infix

notations for these.
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A Godel numbering

Define 7o: ~ — {1,2,3,4,5,6,7,8,9}" as follows:

s )y . AL - 3 v = x 9 gV
%(s) |1 2 29 3 39 399 4 49 499 59" 68%9" 78k0"

For any non-empty string w = wy ... wp in alphabet ¥, define
~v(w) to be the natural number denoted by yo(wp) - .. Yo(wy).

For example, the string ‘Ix(x =" is sent to 4515499 by ~.

Exercise. -, restricted to Form(L, V), is a Godel numbering.
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Recursivity of formula sets

From now on: we fix the signature L, the set of variables V, and a

Godel numbering v as above.

We call a subset S C Form(L, V) recursive or decidable if y[S] is
recursive, and recursively enumerable if 4[S] is recursively

enumerable.
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Recursive axiomatizations

Let T be a theory.

A set S C T is an axiomatization of T if T is the deductive

closure of S.

The theory T is recursively axiomatizable if there exists a recursive

set of sentences S which is an axiomatization of T.
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Diagonalization

For any formula ¢, define "¢ to be the numeral of v(y).

The diagonalization of ¢ is the formula A, defined as

Ix(x="pTAp).

A f n= ,
For any n € N, define §(n) := Y(A,) i ()

0 otherwise.
Lemma
The function § is recursive.
Proof.
Let n € N. First check whether n = y(¢) for some formula ¢. If
so, then y(A,) = 4515499 k 3 n 2, where k := (n). |
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Lemma (Diagonal Lemma)

Let T be a theory in which § is representable. For any formula

©(y), there exists a sentence G such that
Fr G < o(TGT).

Proof.
Let D(x,y) be a formula representing .
Define F := 3y(D(x,y) A ¢(y)), and n:= ~(F).

Define G := 3Ix(x =n A F), i.e., G is the diagonalization of F.

Now - G <> F[n/x], and F[n/x] = 3y(D(n,y) A ¢(y)). (%)
Write k := v(G). Then §(n) = v(Ar) =k and "G = k.
Since D represents d, =7 Vy(D(n,y) <> y = k).

Thus by (%), F7 G <> Jy(y =k Ap(y)), so F1 G <> (k).
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Lemma (Non-self-representability)

Let T be an extension of Q and suppose y[T] is representable in

T. Then T is inconsistent.

Proof.
Since § is recursive, ¢ is representable in Q, and thus also in T.
Suppose the formula ¢(y) represents 4[T] in Q, and thus in T.

By the diagonal lemma, pick a sentence G such that
Fr G+ —p("GT).

Let k :=~(G), so that -7 G <> —p(k) (*).

We claim that -7 G. Towards a contradiction, suppose 1+ G.
Then k & ~[T] since ~ is injective. Since ¢ defines v[T],

7 —p(k). But then, by (x), F1 G, contradiction.

Since -7 G, we have k € 7[T]. As ¢ defines [ T], F1 ¢(k).

By (x), we get -7 =G. So 1 L. [ |
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Undecidability of arithmetic theories

Theorem

There does not exist a consistent, decidable extension of Q.

Proof.

Let T be a decidable theory extending Q. By definition, 4[T] is a
recursive set of numbers. Since decidable sets are representable in
Q, in particular v[T] is representable in Q, and thus in T.

By the non-self-representability lemma, T is inconsistent. |

Corollary
The theories Q, PA, and Th(N) are undecidable.
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The Entscheidungsproblem is unsolvable

Theorem
There does not exist an algorithm that decides whether or not a

formula ¢ is provable in first-order logic (without axioms).

Proof.

Let 8 be the conjunction of the seven axioms of Q.

Towards a contradiction, suppose there were an algorithm A for
provability in first-order logic.

We obtain an algorithm for deciding Q: given a sentence 1, use A
to determine whether or not - # — 1. By the deduction theorem,
this is equivalent to q 9. |

Note. An alternative, more direct proof, due to Turing, expresses

the halting problem for a machine M as a first-order sentence ¢py.
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Godel |

Theorem (Godel's First Incompleteness Theorem)

Let T be a consistent recursively axiomatizable theory which
contains Robinson arithmetic Q.

Then there exists a sentence ¢ which is independent from T.

Proof.

Since T is recursively axiomatizable, T is recursively enumerable.
If T were also complete, then T would have to be decidable.

But this contradicts the fact that all consistent extensions of Q are
undecidable. |

Corollary

There does not exist a recursive axiomatization of Th(A/).
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Two remarks

» One often sees more vague and more general-sounding
statements, such as: ‘any sufficiently strong theory is
incomplete’. These can be made precise using a notion of
first-order interpretation: if Q is interpretable in a consistent

recursively axiomatizable theory T, then T is incomplete.

» Qur proof of Godel | did not construct an independent

sentence.
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